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Introduction
This thesis is based on the following three papers that have been
either published or accepted for publishing (as of August 2007):
(1) J. Sˇt’ov´ıcˇek, All n-cotilting modules are pure-injective, Proc.
Amer. Math. Soc. 134 (2006), 1891–1897.
(2) J. Sˇt’ov´ıcˇek and J. Trlifaj, All tilting modules are of countable
type, Bull. Lond. Math. Soc. 39 (2007), 121–132.
(3) S. Bazzoni and J. Sˇt’ov´ıcˇek, All tilting modules are of finite type,
to appear in Proc. Amer. Math. Soc.
The original goal for this work, three years ago, was to study artin
algebras and the relatively new phenomenon of inﬁnitely generated
tilting modules over them. Most of the results, nevertheless, turned out
to work for modules over much more general rings than artin algebras,
often even for modules over any associative ring with unit.
In this survey accompanying the three papers mentioned above, I
would like to present some basic facts and motivation, and put the
results into a wider context. The scope of representation theory and
tilting theory and developments in the last two or three decades are,
however, well beyond the scope of this text and would be suitable rather
for a monograph. Therefore, I have been forced to leave out many
details and also topics that I consider interesting for one or another
reason. Beside tens or hundreds of papers on representation theory
and tilting theory, there are fortunately also some very useful books
which should be considered as default references for this work. By
those I mean in particular the textbook [13] for representation theory
of artin algebras, and the recent monograph [44] on approximation
and realization theory and the collection [4] of introductory and survey
papers on tilting theory and related topics.
Proofs are mostly omitted or just sketched in this survey with ex-
ception of the last section which contains results that have not been
published yet. However, a number of references are given both in this
text and in the papers (1)–(3). The text is organized as follows: In
the ﬁrst two sections, basics of representation theory for artin algebras
and tilting theory are discussed. In Sections 3 and 4, the results from
the papers (1)–(3) are presented. Finally, some additional unpublished
results on cotilting approximations are stated and proved in Section 5.
1
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1. Artin algebras
1.1. Basic properties. We start by recalling basic properties of a spe-
cial class of rings—artin algebras. The concept of an artin algebra is
a generalization of the one of a ﬁnite dimensional algebra over a ﬁeld
and includes for example all ﬁnite rings. Although a large part of the
tilting theory presented later in this text works in a more general set-
ting, artin algebras are important for several reasons. They have a
well developed representation theory and provide abundance of exam-
ples of tilting modules. Even though they must satisfy very restrictive
properties when viewed as rings, their representation theory is very
rich and complex. This is illustrated by the fact that many classical
problems can be equivalently restated (and solved) in this language
(for example ﬁnding canonical forms of pairs of bilinear forms [74, 52],
or characterizing quadruples of subspaces of a ﬁnite dimensional vec-
tor space [43, 55]). Last but not least, the concept of tilting modules
originally comes from this setting.
Definition 1.1. An associative ring R with unit is called an artin
algebra if:
(1) The centre Z(R) of R is an artinian subring; and
(2) R is a ﬁnitely generated module over Z(R).
We give just a brief list of basic properties of artin algebras. For
more details and most proofs, we refer to the textbook [13].
Any artin algebra R is left and right artinian. Moreover, if X and Y
are ﬁnitely generated right R-modules, then HomR(X, Y ) is a ﬁnitely
generated Z(R)-module in a canonical way. This in particular implies
that the endomorphism ring EndR(X) of a ﬁnitely generated right R-
module X is an artin algebra, and we get an important consequence:
The category mod-R of all ﬁnitely generated right R-modules is a Krull-
Schmidt category. That is, every module in mod-R decomposes as a
ﬁnite direct sum of indecomposables, and this decomposition is unique
up to isomorphism and permutation of the summands. Hence, to un-
derstand the structure of all ﬁnitely generated right R-modules, it suf-
ﬁces, in principle, to undestand the structure of the indecomposable
ones. Of course, corresponding properties can be obtained for the cat-
egory R-mod of ﬁnitely generated left modules.
The left-right symmetry goes much further for artin algebras. Na-
mely, let J be the minimal injective cogenerator over Z(R) and denote
by D the functor HomZ(R)(−, J). Then D induces a duality between
mod-R and R-mod in the sense that (mod-R)op is equivalent to R-mod
via D. If R is a ﬁnite dimensional algebra over a ﬁeld k, this functor
reduces just to the vector space duality Homk(−, k).
1.2. Algebras over algebraically closed and perfect fields. An
important example of ﬁnite dimensional algebras are path algebras. Let
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k be a ﬁeld and let Q be a ﬁnite quiver where Q0 is the set of vertices
and Q1 is the set of arrows. Let kQ be the vector space spanned by
all paths in Q. Here, we include also the so called trivial paths ei,
one for each vertex i ∈ Q0, which formally both start and end at i
and have length 0. Then kQ with multiplication deﬁned on paths by
composition when possible and as 0 otherwise has naturally a structure
of an associative k-algebra with the unit 1 =
∑
i∈Q0 ei. Although kQ
is not ﬁnite dimensional unless Q is acyclic, we can obtain a ﬁnite
dimensional factor. Let I be an admissible ideal of kQ, that is, there
is an integer t ≥ 2 such that (kQ1)2 ⊇ I ⊇ (kQ1)t where kQ1 is the
ideal of kQ generated by the arrows. Then kQ/I is a ﬁnite dimensional
algebra. On the other hand, every ﬁnite dimensional algebra over an
algebraically closed ﬁeld is obtained this way up to Morita equivalence
by a fundamental observation due to Gabriel:
Theorem 1.2. Let k be an algebraically closed field and R be a finite
dimensional k-algebra. Then R is Morita equivalent to kQ/I for a
finite quiver Q and an admissible ideal I.
Regarding homological properties of path algebras, it is well-known
that kQ/I is hereditary if and only if I = 0. Hence, we get the following
characterization:
Corollary 1.3. Let k be an algebraically closed field and R be a finite
dimensional hereditary k-algebra. Then R is Morita equivalent to kQ
for some finite acyclic quiver Q.
It is often useful to view left kQ/I-modules as representations of Q
with relations from I. A representation is a tuple (Vi | i ∈ Q0) of vector
spaces together with a collection (fα | α ∈ Q1) of k-linear maps between
corresponding spaces such that the relations from I are satisﬁed. Given
a left R-module M , we can get such a representation by taking the
vector spaces (eiM | i ∈ Q0) together with the multiplication maps
(α ·− | α ∈ Q1). It is not diﬃcult to see that given a representation, we
can reverse this process. Actually, the category of left kQ/I-modules
and the category of representations of Q with relations I are equivalent.
Similarly, we can view right kQ/I-modules as representations of the
opposite quiver Qop with relations Iop.
When the base ﬁeld k is not algebraically closed, the situation is
more complex. Instead of representations of quivers, one can study a
generalization—representations of k-species as introduced by Gabriel
[41]. A k-species is a ﬁnite collection of division rings, (Di | i ∈ I),
which are ﬁnite dimensional over k, together with a collection of Di-Dj-
bimodules (iMj | i, j ∈ I), all centralized by k and ﬁnite dimensional
over k. A representation (Vi, iϕj) of a k-species assigns to each i ∈ I
a left Di-space Vi, and to each i, j ∈ I a left Di-homomorphism iϕj :
iMj⊗Dj Vj → Vi. These representations have been studied for example
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in [30, 31, 29], where in [30] it has been proved that they correspond
to modules over the tensor algebra of the species.
The situation is especially nice when k is a perfect ﬁeld (a ﬁnite ﬁeld,
for example), where a complete analogue of Theorem 1.2 and Corol-
lary 1.3 with species instead of quivers was obtained in [20, Theorem
1.3.12].
1.3. Representation type. A crucial property that describes beha-
viour of modules over an artin algebra R is so called representation
type of R. All algebras are fundamentally divided into two classes—
representation ﬁnite and representation iniﬁnite algebras:
• R is representation finite if there are, up to isomorphism, only
ﬁnitely many indecomposable ﬁnitely generated right R-modu-
les. If this is the case, then every (even inﬁnitely generated)
module is isomorphic to a direct sum of ﬁnitely generated inde-
composables. Furthermore, if R is a ﬁnite dimensional algebra
over an algebraically closed ﬁeld, then the category of ﬁnitely
generated indecomposable modules can be fully described com-
binatorially by means of the Auslader-Reiten quiver of R.
• Otherwise, R is called representation infinite. In this case, the
situation is much more complicated. For example, there are
always inﬁnitely generated indecomposable R-modules. This
follows from the Auslander-Reiten theory and compactness of
the Ziegler spectrum—for more details and references see [27,
§2.3 and §2.5].
Hereditary path algebras kQ of ﬁnite representation type have been
originally characterized by Gabriel [42] as precisely those where the
underlying graph of Q is a ﬁnite disjoint union of Dynkin diagrams.
This resembles very much the characterization of ﬁnite dimensional
semisimple Lie algebras and has motivated Bernstein, Gelfand and
Ponomarev [21] to reprove Gabriel’s theorem using reﬂection functors,
which, though with other terminology, is probably the ﬁrst application
of tilting theory.
When dealing with representation inﬁnite algebras oven an alge-
braically closed ﬁeld k, two subclasses are usually considered:
• A ﬁnite dimensional algebra R is called tame if for all dimen-
sions d ≥ 1, its indecomposable right modules of dimension d all
belong to ﬁnitely many one-parametric families. More precisely,
for each d there are ﬁnitely many k[x]-R-bimodules M1, . . . ,Mnd
which are free of rank d when viewed as left k[x]-modules, and
such that every indecomposable right R-module of dimension d
is isomorphic to k[x]/(x− λ) ⊗k[x] Mi for some 1 ≤ i ≤ nd and
λ ∈ k.
• A ﬁnite dimensional algebra R is called wild if there is a k〈x, y〉-
R-bimodule M which is free of ﬁnite rank when viewed as a
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left k〈x, y〉-module, and such that the functor F = − ⊗k〈x,y〉
M : mod-k〈x, y〉 → mod-R preserves indecomposability (i.e.
if M is indecomposable, so is FM) and reﬂects isomorphism
classes (i.e. if FM ∼= FN , then M ∼= N). Here we denote by
mod-k〈x, y〉 the category of all ﬁnite dimensional right mod-
ules over the algebra k〈x, y〉 of all polynomials in two non-
commuting indeterminates.
If R is wild, S is another ﬁnite dimensional k-algebra and dimk S = n,
then there is a composition of two exact fully faithful embeddings of
categories
mod-S → mod-k〈x1, . . . , xn〉 → mod-k〈x, y〉,
the existence of the second proved for example in [22]. In view of this,
we can identify mod-S with some exact (possibly non-full) subcategory
of mod-R. This is one of the reasons why full classiﬁcation of ﬁnitely
generated modules over wild algebras is considered hopeless—the cate-
gory mod-R is at least as complex as the category of ﬁnitely generated
right modules over any other ﬁnite dimensional k-algebra.
The fundamental result concerning inﬁnite representation type is
Drozd’s theorem proving dichotomy between Tame and Wild:
Theorem 1.4 ([32, 28]). Let k be an algebraically closed field and R
be a finite dimensional k-algebra. Then R is either tame or wild, but
not both.
1.4. Auslander-Reiten formulas. As we shall see, all tilting and
many cotilting classes of right modules over an artin algebra R are
determined as KerExt1R(S,−) and KerExt1R(−,S), respectively, where
S is a set of ﬁnitely generated right R-modules. Therefore, the func-
tors Ext1R(X,−) and Ext1R(−, X) with X ﬁnitely generated play a very
important role in this text.
In this context, there are important formulas, so called Auslander-
Reiten formulas, relating HomR and Ext
1
R over any artin algebra R.
We need to introduce some notation before:
Definition 1.5. Let R be a ring and X, Y be right R-modules. We
denote by HomR(X, Y ) the quotient group of HomR(X, Y ) by the
subgroup of homomorphisms from X to Y which factor through an
injective module. Similarly, denote by HomR(X, Y ) the quotient of
HomR(X, Y ) by the homomorphisms which factor through a projec-
tive module.
Let R be and artin algebra, X ∈ mod-R, and P1 → P0 → X → 0
be a minimal projective presentation of X. Then the Auslander-Reiten
translation of X, denoted τX, is deﬁned as the kernel of
DHomR(P1, R)→ DHomR(P0, R).
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Similarly, let 0 → X → I0 → I1 be a minimal injective presentation of
X. The inverse Auslander-Reiten translation, τ−X, is then deﬁned as
the cokernel of HomR(DI0, R) → HomR(DI1, R).
It is a well known fact that in mod-R the translations τ and τ− deﬁne
mutually inverse bijections between indecomposable non-projective and
indecomposable non-injective modules, and on morphisms they induce
functorial isomorphisms HomR(X, τ
−Y ) ∼= HomR(τX, Y ). Now we can
state the Auslander-Reiten formulas:
Theorem 1.6 ([12, 50]). Let R be an artin algebra and let X, Y ∈
Mod-R, X finitely generated. Then there are following Z(R)-isomorph-
isms functorial in both X and Y :
(1) D Ext1R(X, Y )
∼= HomR(Y, τX);
(2) Ext1R(Y,X)
∼= DHomR(τ−X, Y ).
We conclude this section with a corollary for the case when X has
projective or injective dimension at most one, that is the case corre-
sponding to 1-tilting or 1-cotilting modules, respectively. It follows
by [13, IV.1.16] that in this case we have the Hom-groups themselves
in the formulas instead of the factors of the Hom-groups. This is very
good news for computation since it is usually much easier to deal with
Hom-groups than Ext-groups.
Corollary 1.7. Let R be an artin algebra and let X, Y ∈ Mod-R, X
finitely generated. Then the following hold:
(1) If pdX ≤ 1, then D Ext1R(X, Y ) ∼= HomR(Y, τX).
(2) If idX ≤ 1, then Ext1R(Y,X) ∼= DHomR(τ−X, Y ).
ARTIN ALGEBRAS AND INFINITELY GENERATED TILTING MODULES 7
2. Tilting and cotilting modules
2.1. Historical notes. The concept of tilting modules has originally
come from the representation theory of ﬁnite dimensional algebras. The
ﬁrst tilting functors ever used, if we do not count Morita duality, were
probably BGP reﬂection functors [43, 21]. They were used by Bern-
stein, Gelfand and Ponomarev to reprove Gabriel’s characterization of
representation ﬁnite hereditary path algebras. Dlab and Ringel [31, 29]
extended in 1974 the use of reﬂection functors to arbitrary representa-
tion ﬁnite hereditary artin algebras. The concept of reﬂection functors
was then generalized by Auslander, Platzek and Reiten [10] in 1979.
Finally, the term tilting module was deﬁned by Brenner and Butler [23]
in 1980 and simpliﬁed to the form that is usual today by Happel and
Ringel [46].
Let us recall the deﬁnition of a tilting module from [46]. We will
call this kind of tilting modules, in view of the generalizations studied
further in this text, classical tilting modules. We remind that when M
is a module, addM stands for the class of all direct summands of ﬁnite
direct sums of M .
Definition 2.1. Let R be an artin algebra. A right R-module T is
called a classical tilting module if it satisﬁes:
(1) pdT ≤ 1;
(2) Ext1R(T, T ) = 0; and
(3) there is an exact sequence 0 → RR → T0 → T1 → 0 such that
T0, T1 ∈ addT .
The motivation for the name “tilting” coined by Brenner and Butler
comes from looking at the action of tilting functors on Grothendieck
groups. We refer for missing deﬁnitions to [13]. Suppose R is hereditary
with n non-isomorphic simple modules, T is a tilting R-module and
S = EndR(T ). Then the functor HomR(T,−) : mod-R → mod-S
induces an isomorphism between the Grothendieck groups of R and S,
both isomorphic to Zn. If one tries to identify the groups under this
isomorphism, their positive cones will overlap but diﬀer—the positive
cone of S is tilted compared to that of R
The main objective of the tilting theory in this context has always
been to construct category equivalences and to have a way of comparing
properties of module categories over diﬀerent algebras. If T is a tilting
module over any artin algebra R and S = EndR(T ), the fundamental
results by Brenner and Butler and Happel and Ringel say that there
are two equivalences between large subcategories of mod-R and mod-S:
HomR(T,−) : Ker Ext1R(T,−) KerTorS1 (−, T ) : −⊗S T
Ext1R(T,−) : KerHomR(T,−) Ker(−⊗S T ) : TorS1 (−, T )
These results have been extended in many ways. Miyashita [54]
has considered tilting modules of arbitrary ﬁnite projective dimensions.
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Colby and Fuller [26] have proved the Brenner-Butler theorem for ar-
bitrary rings. Happel [45] has discovered the induced equivalence of
derived bounded categories and Rickard [60, 61] has generalized this
result and developed Morita theory for derived categories. Since then,
these results have been used in many areas of mathematics including
ﬁnite and algebraic group theory, algebraic geometry, and algebraic
topology. Much more information and many more details and refer-
ences can be found in the recently issued collection [4]. Historical ac-
count on the results mentioned above is especially in the introduction
and in the contributions by Bru¨stle, Keller, and Ringel.
2.2. Infinitely generated tilting and cotilting modules. The main
topic of this thesis is a generalization of tilting modules following dif-
ferent lines—namely inﬁnitely generated tilting modules. For a more
comprehensive survey on this topic including many related results and
applications we refer to [72, 67]. One can generalize Miyashita tilting
modules as follows:
Definition 2.2. Let R be an associative ring with unit. A right R-
module T is called a tilting module if it satisﬁes:
(1) pdT <∞;
(2) ExtiR(T, T
(I)) = 0 for each i ≥ 1 and each set I; and
(3) there is an exact sequence
0 → RR → T0 → T1 → · · · → Tk → 0
such that T0, T1, . . . , Tk ∈ AddT . Here, AddT stands for the
class of all direct summands of arbitrary (inﬁnite) direct sums
of copies of T .
If we deﬁne a tilting module in such a way, we cannot expect to
have category equivalences in general. In fact, existence of a category
equivalence in the sense above forces the tilting module to be ﬁnitely
generated [25, §2], [71]. But there is a remedy for this loss—a very gen-
eral approximation theory related to cotorsion pairs, which is discussed
in the following section. The crucial fact is that those approximations
always exist, but they need not be ﬁnitely generated; thus they are
“invisible” for the classical tilting theory. At this point, also inﬁnitely
generated cotilting modules come into play:
Definition 2.3. Let R be an associative ring with unit. A right R-
module C is called a cotilting module if it satisﬁes:
(1) idC < ∞;
(2) ExtiR(C
I , C) = 0 for each i ≥ 1 and each set I; and
(3) there is an exact sequence
0 → Ck → · · · → C1 → C0 →W → 0
such that W is an injective cogenerator for the category Mod-R
and C0, C1, . . . , Ck ∈ ProdC. Here, ProdC denotes the class of
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all direct summands of arbitrary (inﬁnite) products of copies of
C.
The deﬁnition of cotilting modules is syntactically dual compared to
that of tilting modules, but cotilting modules are not anymore mere
duals of tilting modules as in the classical setting. This is not the
case even when we consider some more general duality functor, such
as D = HomZ(−,Q/Z), which does exist for any ring. In fact, a dual
of an inﬁnitely generated tilting module is always a cotilting module
of coﬁnite type (see Section 4), but there are cotilting modules that
are not of coﬁnite type over any valuation domain with a non-trivial
idempotent prime ideal [15].
2.3. Approximations and cotorsion pairs. As it seem to be a hope-
less task to classify all modules over a general ring (and even over a
general artin algebra as explained above!), there have been several suc-
cessful attempts to study approximations of general modules by mod-
ules from a suitable class. Such classes can be for example the classes
of all projective, injective, or ﬂat modules, but also many other classes
deﬁned in a diﬀerent way.
The term approximation refers to one of the following notions studied
among others in [75, 37, 44]:
Definition 2.4. Let R be a ring, M a right R-module, and C a class
of right R-modules. Then:
(1) A homomorphism f : M → C with C ∈ C is called a C-
preenvelope provided that any other homomorphism f ′ : M →
C ′ with C ′ ∈ C factors through f .
(2) A C-preenvelope f : M → C is called special if f is injective
and
Ext1R(Coker f, C) = 0.
(3) A C-preenvelope f : M → C is called a C-envelope if the follow-
ing minimality property is satisﬁed: If g ∈ EndR(C) such that
the following diagram commutes
M
f
  
f

 
 
 
 
 
 
 
 
C
g

C
then g is an automorphism.
(4) A homomorphism f : C → M with C ∈ C is called a C-precover
provided that any other homomorphism f ′ : C ′ → M with
C ′ ∈ C factors through f .
(5) A C-precover f : C →M is called special if f is surjective and
Ext1R(C,Ker f) = 0.
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(6) A C-precover f : C →M is a C-cover if the following minimality
property is satisﬁed: If g ∈ EndR(C) such that fg = f , then g
is an automorphism.
Independently, essentially the same concepts have been introduced
by Auslander, Reiten, and Smalø for categories of ﬁnitely generated
modules over artin algebras [14, 11]. Instead of preenvelopes and pre-
covers, they use the terms left and right approximations, respectively.
Note that the approximations (1), (3), (4) and (6) above are weaker
versions of C-reﬂections and C-coreﬂections. Recall that a C-reflection,
or C-coreflection, is the unit of the left, or the counit of the right adjoint
to the inclusion functor C ⊆ Mod-R, respectively, if such an adjoint
exists. If for instance f : M → C is a C-preenvelope, we only require
that the induced maps HomR(C,C
′) → HomR(M,C ′) be epimorphisms
for each C ′ ∈ C instead of isomorphisms. This in particular means
that we can by no means expect that C-preenvelopes and C-precovers
will be unique. C-envelopes and C-covers are, on the other hand, by
deﬁnition unique up to isomorphism if they exist. However, there is
still a big diﬀerence from reﬂections and coreﬂections—envelopes and
covers might not be functorial [1].
Of special interest are classes that provide for approximations of
every module:
Definition 2.5. Let R be a ring and C a class of right R-modules.
Then C is called preenveloping (special preenveloping, enveloping, pre-
covering, special precovering, covering) if every M ∈ Mod-R has a
C-preenvelope (special C-preenvelope, C-envelope, C-precover, special
C-precover, C-cover, respectively).
Abundance of such classes originate from cotorsion pairs, a notion
introduced by Salce [64], originally in the setting of abelian groups:
Definition 2.6. Let R be a ring. A pair (A,B) of subclasses in
Mod-R is called a cotorsion pair if A = KerExt1R(−,B) and B =
KerExt1R(A,−).
If S is a subclass of Mod-R, then the cotorsion pair generated by
S is the unique cotorsion pair (A,B) such that B = KerExt1R(S,−).
Dually, the cotorsion pair cogenerated by S is the unique cotorsion pair
(A,B) such that A = KerExt1R(−,S).
As to the latter deﬁnition, the reader shall observe that in the pa-
pers on which this thesis is based ([19, 68, 69]), the notions of a gener-
ated and a cogenerated cotorsion pair are swapped. This is due to the
recently issued monograph [44] and the corresponding change in the
community agreement on using these terms.
Before stating the crucial results, we ﬁrst put the concepts of special
and minimal approximations into a relation:
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Lemma 2.7 ([73]). Let R be a ring, M be a right module, and (A,B)
be a cotorsion pair. Then:
(1) If M has a B-envelope f , then f is special. In particular, if B
is enveloping then B is special preenveloping.
(2) If M has an A-cover f , then f is special. In particular, if A is
covering then A is special precovering.
Now, we can state the fundamental approximation existence results
obtained by Eklof and Trlifaj. The results are proved also in [44].
Theorem 2.8. Let R be a ring and (A,B) be a cotorsion pair.
• [36] If the cotorsion pair is generated by a set of modules, then
A is special precovering and B is special preenveloping.
• [35] If the cotorsion pair is cogenerated by a class of pure-
injective modules, then A is covering and B is enveloping.
Note that the additional assumptions on the cotorsion pair in The-
orem 2.8 are necessary. Eklof and Shelah proved in [34] that it is
independent of the axioms of ZFC whether the class of all Whithead
groups W = KerExt1
Z
(−,Z) is precovering or not. For more details we
refer to [33].
We also refer to [44] for a much more comprehensive treatment of
approximations connected to cotorsion pairs and for a number of ap-
plications of the theory.
2.4. Tilting and cotilting classes. As we have seen above, cotor-
sion pairs give many examples of classes with interesting approxima-
tion properties. The link to tilting theory is the notion of tilting and
cotilting cotorsion pairs:
Definition 2.9. Let R be a ring and T be a tilting module over R. The
tilting class corresponding to T is deﬁned as T = ⋂i≥1 KerExtiR(T,−).
If we, moreover, denote S = KerExt1R(−, T ), then the cotosion pair
(S, T ) is called the tilting cotorsion pair corresponding to T .
Dually, if C is a cotilting R-module, then the cotilting class corre-
sponding to C is deﬁned as C = ⋂i≥1 KerExtiR(−, C). If we denote
D = KerExt1R(C,−), then the cotorsion pair (C,D) is called the cotilt-
ing cotorsion pair corresponding to C.
Since tilting and cotilting classes are always parts of a cotorsion pair,
we can apply Theorem 2.8 to prove existence of tilting and cotilting
approximations for completely general tilting and cotilting modules,
respectively. For tilting modules this is easy since the tilting cotorsion
pair corresponding to a tilting module T is generated by syzygies of T .
For cotilting modules, the new results in this thesis come into play. If C
is a cotilting module, then C is pure-injective by [68, Theorem 13], and
so are all cosyzygies of C by the well known result of Auslander’s that a
cosyzygy of a pure-injective module is pure-injective again. Therefore,
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Theorem 2.8 applies. A weaker version of the following theorem, with
cotilting special precovers instead of covers, has been obtained before
in [8, 3].
Theorem 2.10. Let R be a ring. Then the following hold true:
(1) Every tilting class in Mod-R is special preenveloping.
(2) Every cotilting class in Mod-R is covering.
Tilting and cotilting classes enjoy also other important properties,
which will be discussed in Section 3. At this point we only introduce
a characterization of tilting and cotilting cotorsion pairs in order to be
able to identify several examples in the next subsection.
Theorem 2.11. Let R be a ring and (A,B) be a cotorsion pair.
(1) (A,B) is a tilting cotorsion pair if and only if Ext2R(A,B) =
0, all modules in A have finite projective dimension, and B is
closed under arbitrary direct sums.
(2) (A,B) is a cotilting cotorsion pair if and only if Ext2R(A,B) = 0,
all modules in B have finite injective dimension, and A is closed
under arbitrary products.
Proof. (1). If Ext2R(A,B) = 0, it is not diﬃcult to see that A is closed
under taking syzygies. This is well known to be equivalent to the fact
that ExtiR(A,B) = 0 for each i ≥ 1. Since A is closed under taking
direct sums, there is a non-negative integer n such that pdM ≤ n for
each M ∈ A. Hence [69, Theorem 2] in this volume applies.
(2). Similarly as in (1), we infer that ExtiR(A,B) = 0 for each i ≥ 1
and there is some n ≥ 0 such that idM ≤ n for each M ∈ B. It is then
enough to apply [66, Theorem 2.4] to ﬁnish the proof. 
2.5. Examples of tilting and cotilting modules. To illustrate the
concept of inﬁnitely generated tilting modules, we list some examples
over various rings. For more details, we refer either to the references
given for each example of the the survey [72].
Example 2.12. Fuchs tilting modules [39, 40]. Let R be a commu-
tative domain and S a multiplicative subset of R. Let δS = F/G
where F is the free module with the basis formed by all ﬁnite se-
quences (s0, s1, . . . , sn−1) such that n ≥ 0 and s0, s1, . . . , sn−1 ∈ S. For
n = 0, we have the empty sequence e = (). The submodule G is de-
ﬁned to be generated by the elements of the form (s0, s1, . . . , sn)sn =
(s0, s1, . . . , sn−1) where n ≥ 0 and s0, s1, . . . , sn−1 ∈ S.
The module δ = δR\{0} has been introduced by Fuchs. Facchini [38]
has proved that δ is tilting of projective dimension ≤ 1. The general
case δS comes from [40]. The modules δS are tilting of projective di-
mension ≤ 1 for any multiplicative set S and they are called Fuchs
tilting modules. The corresponding 1-tilting class is
Ker Ext1R(δS,−) = {M ∈ Mod-R |Ms = M for all s ∈ S},
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the class of all S-divisible modules.
Example 2.13. Tilting modules over Dedekind domains [44, §6.2]. For
Dedekind domains there is an easier construction than Fuchs tilting
modules. Let R be a Dedekind domain, Q its quotient ﬁeld, and P a
set of maximal ideals. If we consider the exact sequence
0 → R → Q π→
⊕
p∈mSpec(R)
E(R/p)→ 0
and take QP = π
−1(⊕
p∈P E(R/p)
)
, then TP = QP ⊕
⊕
p∈P E(R/p)
is a tilting module of projective dimension ≤ 1 and the corresponding
tilting class is
KerExt1R(TP ,−) = {M ∈ Mod-R | Ext1R(R/p,M) = 0 for all p ∈ P}.
Example 2.14. Ringel tilting modules [62, 63]. In his classical work [62],
Ringel has discovered many analogies between modules over Dedekind
domains and tame hereditary algebras. The analogies extend to the
setting of inﬁnitely generated tilting modules.
Let k be a ﬁeld, Q be a quiver without oriented cycles whose un-
derlying graph is an Euclidean diagram, and let R = kQ. If k is an
algebraically closed ﬁeld, this is equivalent to say that R is a ﬁnite
dimensional basic connected tame hereditary algebra over k. We refer
to [13] for missing terminology. This setting includes the Kronecker
problem and the 4-subspace problem mentioned in Section 1 when Q
is the quiver a) or b) depicted in the following ﬁgure, respectively:
•   
  
•
•
•    • •
•

a) Kronecker quiver b) 4-subspace quiver
Let G be the generic module. Then S = EndR(G) is a skew-ﬁeld and
dimS G = n < ∞. Denote by P the set of all tubes in the Auslander-
Reiten quiver of R. If α ∈ P is a homogenous tube, we denote by Pα
the corresponding Pru¨fer module. If α ∈ P is not homogenous, denote
by Pα the direct sum of all Pru¨fer modules corresponding to the rays
in α. Then there is an exact sequence
0 → RR → Gn π→
⊕
α∈P
P (nα)α → 0
where nα > 0 for all α ∈ P. The sum T = G ⊕
⊕
α∈P Pα is a tilting
module of projective dimension ≤ 1, and the corresponding tilting class
is the class of all Ringel divisible modules, that is, of all modules D such
that Ext1R(M,D) = 0 for each ﬁnitely generated regular module M .
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More generally, let Q ⊆ P and denote GQ = π−1
(⊕
α∈Q Pα
)
. Then
the module TQ = GQ⊕
⊕
α∈Q Pα is tilting of projective dimension ≤ 1,
and we get diﬀerent tilting classes for diﬀerent subsets Q.
Example 2.15. Lucas tilting modules [49, 53]. Let k be a ﬁeld, Q be a
connected wild quiver without oriented cycles, and let R = kQ. Then
R is a basic connected wild hereditary algebra. For missing terminology
we refer to [47, 13].
The class D of all Ringel divisible modules over R is again tilting
by Theorem 2.11. But the tilting module is rather diﬀerent. It can be
chosen countable dimensional and obtained by a construction of Lucas.
More constructions of tilting modules are available in literature.
Some of them will be listed in the next subsection devoted to appli-
cations of inﬁnitely generated tilting theory. Another family of tilting
modules over hereditary artin algebras has been constructed in the
forthcoming paper [48]. Inﬁnitely generated cotilting modules over
tame hereditary algebras have been analysed in [24]. Finally, a sys-
tematic general way of obtaining tilting and cotilting classes (and in
principle tilting and cotilting modules, even though they may be qiute
diﬃcult to compute explicitly) is explained the the part of Section 3
on ﬁnite type.
2.6. Applications. Here, we include a brief list of some recent ap-
plications of inﬁnitely generated tilting modules, corresponding tilting
classes, and the related approximation theory. There is no guarantee
of completeness of the list. Closer description of the applications is
beyond the scope of this volume, so the reader should follow references
for more details.
1. Iwanaga-Gorenstein rings. Bass’ Finitistic Dimension Conjectures
(equality of the little and the big ﬁnitistic dimensions and thier ﬁnite-
ness) were conﬁrmed for the class of Iwanaga-Gorenstein rings by An-
geleri Hu¨gel, Herbera and Trlifaj [7]. The result has been achieved
by proving that the class of Gorenstein injective modules in the sense
of [37] is a tilting class over these rings.
2. General Matlis localizations. The classical result by Matlis on divis-
ible modules over commutative integral domains R such that pdQ = 1
(Q is the quotient ﬁeld) has been generalized in [6]. The generaliza-
tion deals with modules over commutative rings with zero-divisors and
over non-commutative rings, and their localizations with respect to left
Ore sets of regular elements. If R is a ring and S is a left Ore set of
regular elements, then pdS−1R ≤ 1 if and only if the right R-module
S−1R ⊕ S−1R/R is tilting of projective dimension ≤ 1. If R is com-
mutative, these conditions are further equivalent to S−1R/R being a
direct sum of countably presented modules. Shorter proof of the last
equivalence has been given by the author and Jan Trlifaj in [70].
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3. Baer modules over tame hereditary algebras. The structure of
Baer modules over tame hereditary algebras have been analyzed in [5].
Let R be a tame hereditary artin algebra. In view of analogies be-
tween Dedekind domains and tame hereditary algebras described by
Ringel [62], one can deﬁne the class T of Ringel torsion modules as the
class generated by the ﬁnitely generated regular R-modules, and the
class of Baer modules as B = KerExt1R(−, T ).
Unlike in the commutative case, where the Baer modules have re-
cently been proved to be projective [2], the situation in the tame hered-
itary case is considerably more complicated. Let (L,P) be the torsion
pair such that L is deﬁned by having no non-zero homomorphisms to
ﬁnitely generated preprojective modules. Then L is a tilting class and,
therefore, has an associated tilting module L, called a Lukas tilting
module. The modules in P are called (inﬁnitely generated) prepro-
jective modules or, alternatively, P∞-torsion-free modules. Then the
modules in P are shown to bijectively correpond to equivalence classes
of Baer modules under a certain equivalence relation deﬁned using L.
Since the modules in P are considered too complex to be classiﬁed,
there is just a little hope that one can fully classify Baer modules.
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3. Properties of tilting and cotilting classes
In this section, we describe various important properties of tilting
and cotilting classes. New results from this volume will be substantially
used.
3.1. Finite and cofinite type. Even though we allow tilting modules
themselves to be inﬁnitely generated, we will show that tilting classes
are parametrized by resolving classes of strongly ﬁnitely presented mod-
ules. If R is a ring, we call a module strongly finitely presented if it
possesses a projective resolution consisting of ﬁnitely generated projec-
tive modules. We will denote the category of strongly ﬁnitely presented
right (or left) modules by mod-R (or R-mod, respectively). Note that
for artin algebras the notions of ﬁnitely generated and strongly ﬁnitely
presented modules coincide, so our notation is consistent with the one
used before.
We will start with deﬁning classes of ﬁnite type. Note that deﬁnitions
of this concept may vary in literature.
Definition 3.1. A class C ⊆ Mod-R is said to be of finite type if
there is a set S of strongly ﬁnitely presented modules such that C =
KerExt1R(S,−).
Now we can state one of the main results in this volume. For tilting
modules of projective dimension ≤ 1, it has been obtained by Bazzoni,
Herbera, Eklof, and Trlifaj [17, 18]. The general version comes from
the papers [69, 19] included in this thesis and has been proved by Baz-
zoni, Trlifaj, and the author using induction on projective dimension
of tilting modules. A more staightforward argument for this result is
also given in the recent preprint [65].
Theorem 3.2 ([19, Theorem 4.2]). Let R be a ring (associative, with
unit) and T be a tilting class of right R-modules. Then T is of finite
type.
We can give an analogous deﬁnition of classes of coﬁnite type:
Definition 3.3. A class C ⊆ Mod-R is said to be of cofinite type if
there is a set S of strongly ﬁnitely presented left R-modules such that
C = KerTorR1 (−,S).
There is, unfortunately, no general analogue of Theorem 3.2. Ex-
amples of cotilting modules that are not of coﬁnite type have been
given [15]. Nevertheless, the following useful partial result has been
proved by Trlifaj:
Theorem 3.4 ([72, Theorem 4.14]). Let R be a right noetherian ring
such that the classes of projective and flat left R-modules coincide
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(this holds when R is (i) left perfect or (ii) left hereditary or (iii) 1-
Gorenstein, for example). Then every cotilting class in Mod-R corre-
sponding to a cotilting module of injective dimension ≤ 1 is of cofinite
type.
Let us recall the notion of a resolving class in mod-R:
Definition 3.5. A subclass S of mod-R is called resolving if it contains
RR and is closed under extensions and kernels of epimorphisms.
The following theorem provides us with examples of tilting and cotilt-
ing classes in abundance:
Theorem 3.6. Let R be a ring. Then there is a bijective correspon-
dence among:
(1) tilting classes in Mod-R,
(2) resolving subclasses of mod-R with bounded projective dimen-
sion,
(3) cotilting classes of cofinite type in R-Mod.
Proof. Given a tilting cotorsion pair (U , T ) corresponding to a tilting
module T , it is not diﬃcult to see that U ∩mod-R is resolving and pro-
jective dimension of any module in U ∩mod-R is at most pdT . When
S is resolving with bounded projective dimension, then KerExt1R(S,−)
is a tilting class by Theorem 2.11. These correspondences are mutually
inverse by Theorem 3.2 and [9, Theorem 2.3].
Similarly, the correspondence between (2) and (3) works as follows:
If S ⊆ mod-R is resolving with bounded projective dimension, then
C = KerTorR1 (S,−) is cotilting of coﬁnite type. If C is a cotilting
class of coﬁnite type, then S = KerTorR1 (−, C) ∩ mod-R is resolving
in mod-R and projective dimension of modules in S is bounded by
injective dimension of any cotilting module corresponding to C. We
refer to [7, Theorem 2.2] for more details. 
The problem to ﬁnd a corresponding tilting module for a given tilting
class is, however, not a trivial task. In principle, the construction is as
follows (see [3]): Suppose we are given a resolving class S ⊆ mod-R
such that each module in S has projective dimension at most n, and
denote T = KerExt1R(S,−) the corresponding tilting class. Then we
can compute iterated special T -preenvelopes—start with a preenvelope
f0 : R → T0 of R and, at each subsequent step, take a preenvelope
fi : Coker fi−1 → Ti. It follows that Coker fn−1 ∈ T , so we can take
Tn = Coker fn−1. Now, T =
⊕n
i=0 Ti is a tilting module and T is the
tilting class corresponding to T . The main computational problem is,
however, to ﬁnd the preenvelopes. One can follow the proofs of [36,
Theorem 2] or [44, Theorem 3.2.1], but it may be very diﬃcult to write
down the result explicitly.
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3.2. General module dualities. Before giving more properties prop-
erties of tilting or cotilting classes, we need the notion of a duality
between left and right modules over a ﬁxed ring.
Definition 3.7. Let S be a commutative ring and R an S-algebra
(that is, there is a ring homomorphism S → R whose image lies in the
centre of R). Then the functor D = HomS(−, J) is called a module
duality functor if:
(1) J is an injective cogenerator for Mod-S,
(2) for any S-module M , the cardinalities of M and DM are either
equal or both inﬁnite.
Two prominent examples of module dualities are:
(1) An arbitrary ring R has a unique structure of a Z-algebra. If we
take J = Q/Z, then D = HomZ(−,Q/Z) is a module duality
fuctor in the sense above. The second property of the deﬁnition
follows from the fact that HomZ(Zn,Q/Z) ∼= Zn.
(2) If R is an algebra over a ﬁeld k, then we can take J = k and
the vector space duality D = Homk(−, k) is a module duality
in the sense above.
Both of the dualities above play an essential role. The vector space
duality Homk(−, k) is an important tool in representation theory and
is suitable for computations. But its range is limited to algebras over a
ﬁeld. The other duality, HomZ(−,Q/Z), is available for any ring, but
it may be much less convenient for computations. For most purposes,
it does not really matter which particular duality we use in what fol-
lows as long as it is in accordance with Deﬁnition 3.7. When we deal
with ﬁnite dimensional algebras, the second one will be assumed if not
stated otherwise. The important aspect here, usually not mentioned
in literature, is part (2) of the deﬁnition which ensures that the dou-
ble dual of a module is elementarily equivalent to the original module
(for D = HomZ(−,Q/Z) this has been proved in [57, Proposition 1.6]).
Hence, our duality is well-behaved with respect to model theory.
Let us summarize a few important properties of module duality func-
tors. The following proposition of course holds true if we change left
modules for right modules and vice versa in its statement.
Proposition 3.8. Let R be a ring and D be a module duality functor
for R. Then
(1) D is a contravariant functor Mod-R → R-Mod and R-Mod →
Mod-R.
(2) M = 0 if and only if DM = 0 for each M ∈ R-Mod.
(3) For each M ∈ Mod-R, N ∈ R-Mod, and i ≥ 0, there is a
natural isomorphism
ExtiR(M,DN)
∼= DTorRi (M,N) ∼= ExtiR(N,DM).
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(4) For each M,N ∈ Mod-R such that M is finitely presented, there
is a natural isomorphism
HomR(M,D
2N) ∼= D2 HomR(M,N)
(5) 0 → K → L→ M → 0 is an exact sequence of right R-modules
if and only if 0 → DM → DL→ DK → 0 is an exact sequence
of left R-modules.
(6) 0 → K → L → M → 0 is a pure exact sequence of right R-
modules if and only if 0 → DM → DL → DK → 0 is a split
exact sequence of left R-modules.
(7) DM is a pure-injective left R-module for any M ∈ Mod-R.
(8) The natural evaluation map ηM : M → D2M defined as
ηM(m)(f) = f(m)
is an elementary embedding for any M ∈ Mod-R.
Proof. (1) is well known, and (2) and (5) follow directly from the fact
that J in Deﬁnition 3.7 is an injective cogenerator. For (3) we refer
to [37]; for i = 0 it follows by the well-known adjoint formula between
HomR and the tensor product. For (6) and (7) we refer to [44, §1.2].
(4). [37, Theorem 3.2.11] yields a functorial isomorphism
DHomR(M,N) ∼= M ⊗R DN.
Now, we obtain the wanted functorial isomorphism by applying the
Hom-tensor formula:
HomR(M,D
2N) ∼= D(M ⊗R DN) ∼= D2 HomR(M,N)
(8). We adapt accordingly the proof of [57, 1.7]. It is well known that
ηM is a pure embedding [44, 1.2.15], so it is enough to prove that M
and D2M are elementarily equivalent [56, Corollary 2.26]. By reﬁning
the arguments in [27, §2.1] and using the Baur-Monk Theorem in its
full strength [56, Corollary 2.18], we get the following criterion (see also
[56, §12.1]): Two modules Z,W ∈ Mod-R are elementarily equivalent
if and only if for each functor F of the form Coker HomR(f,−) where
f : X → Y is a homomorphism between ﬁnitely presented right R-
modules, the cardinalities of F (Z) and F (W ) are either the same or
both inﬁnite. Now, we have the following isomorphisms by (4) and (5):
CokerHomR(f,D
2M) ∼=
CokerD2 HomR(f,M) ∼= D2 Coker HomR(f,M).
Hence, M and D2M are elementarily equivalent by the criterion above
and (2) of Deﬁnition 3.7. 
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3.3. Definability. In this section, we will discuss some nice closure
properties of tilting and cotilting classes which have a close connec-
tion to model theory of modules. Let us recall that primitive positive
formulas (shortly pp-formulas) are the ﬁrst-order language formulas of
the theory of right R-modules which are of the form (∃y¯)(x¯A = y¯B)
for some matrices A,B over R. For proof of the following theorem, we
refer to [56], [27, §2.3], and [76, Section 1]:
Theorem 3.9. Let R be a ring and C be a class of right R-modules.
Then the following are equivalent:
(1) C is closed under taking arbitrary products, direct limits, and
pure submodules;
(2) C is defined by vanishing of some set of functors of the form
Coker HomR(f,−) where f : X → Y are homomorphisms be-
tween finitely presented right R-modules;
(3) C is axiomatizable in the first-order language of right R-modules
and closed under direct sums and summands;
(4) C is defined in the first order language of R-modules by satis-
fying some implications ϕ(x¯) → ψ(x¯) where ϕ(x¯) and ψ(x¯) are
pp-formulas.
Definition 3.10. Let R be a ring. A class C of right R-modules is
called definable if it satisﬁes one of the four equivalent conditions of
Theorem 3.9.
Theorem 3.9(3) implies that deﬁnable classes are closed under tak-
ing elementarily equivalent modules. As an immediate consequence of
Proposition 3.8(8), we get the following:
Corollary 3.11 ([51, Lemma 4.4]). Let R be a ring and D a module
duality functor. Then for any definable class C of right R-modules and
any M ∈ Mod-R, M ∈ C if and only if D2M ∈ C.
Now, another of the main results in this thesis follows. It is based
on results from [19, 68].
Theorem 3.12. Let R be a ring and C be a class of right R-modules.
If C is tilting or cotilting, then C is definable.
Proof. If C is tilting, the deﬁnability is an easy consequence of the fact
that C is of ﬁnite type. If C is cotilting, we infer, using [68, Theorem
13] as in the proof of Theorem 2.10, that C is the left-hand class of a
cotorsion pair generated by a set of pure-injective modules. Hence, C
is closed under pure-epimorphic images. Since C is also closed under
taking direct sums and kernels of epimorphisms, it follows that C is
closed under taking direct limits and pure-submodules. Finally, C is
closed under products by [16, Lemma 3.5]. 
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To conclude this section, we show that the correspondence between
tilting and coﬁnite type cotilting classes from Theorem 3.6 can be re-
alized directly on the classes without the intermediary step of Theo-
rem 3.6(2).
Definition 3.13. Let R be a ring, D a module duality functor, and
C a deﬁnable class of right (or left) R-modules. Then the dual class
of C, denoted by C∗, is deﬁned as the class of all pure submodules of
modules of the form DM , M ∈ C.
It is not diﬃcult to check using Proposition 3.8 that C∗ is deﬁnable.
Now, we state the result:
Proposition 3.14. Let R be a ring. Then T → T ∗ and C → C∗ are
mutually inverse bijective correspondences between tilting classes T in
Mod-R and cotilting classes C of cofinite type in R-Mod. Moreover,
these are the same correspondences as those in Theorem 3.6.
Proof. Note ﬁrst that T ∗∗ = T and C∗∗ = C by Corollary 3.11 and
Proposition 3.8. Now, when S is a resolving class with bounded projec-
tive dimension such that T = KerExt1R(S,−) and C = KerTorR1 (S,−),
we get by Proposition 3.8(2) and (3) that M ∈ C if and only if DM ∈ T .
It follows that C∗ = T . Indeed, if X ∈ C∗, then X is a pure submodule
of DM for some M ∈ C, so X ∈ T . On the other hand, if X ∈ T , so is
D2X. Hence DX ∈ C, and X is in C∗ because it is a pure submodule of
D2X. Finally, we get C = C∗∗ = T ∗ by passing to the dual classes. 
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4. Structure of tilting and cotilting modules
4.1. Pure-injectivity of cotilting modules. As we have seen in the
previous sections, one result has turned to be quite important at several
places. Namely the fact that every cotilting module is pure-injective.
The proof in full generality has been ﬁnished by the author in [68],
but it is based on work of many people before. For more on historical
account we refer to the introduction of [68] in this volume.
Theorem 4.1 ([68, Theorem 13]). Let R be a ring and C be a cotilting
right R-module. Then C is pure-injective.
4.2. Other structure results. Since the main tool for studying tilt-
ing and cotilting modules is to study their corresponding tilting and
cotilting classes, we often get structure results up to equivalence of
tilting or cotilting modules:
Definition 4.2. Let R be a ring and T and T ′ be tilting modules. Then
T and T ′ are called equivalent if they determine the same tilting classes.
Similarly, two cotilting modules C and C ′ are said to be equivalent if
they determine the same cotilting classes.
The following statement gives a convenient criterion for testing this
equivalence:
Proposition 4.3 ([3, 16]). The following hold true for an arbitrary
ring R:
(1) Two tilting modules T, T ′ ∈ Mod-R are equivalent if and only if
AddT = AddT ′.
(2) Two cotilting modules C,C ′ ∈ Mod-R are equivalent if and only
if ProdC = ProdC ′.
Let us recall that if M is a module and S a class modules, then M
is called S-filtered if there is a continuous well-ordered ascending chain
(Mα | α ≤ σ) of submodules of M such that M0 = 0, Mσ = M , and
Mα+1/Mα is isomorphic to a module in S for each α < σ.
We get the following structure theorem for general inﬁnitely gener-
ated tilting modules:
Proposition 4.4 ([19, Remark 4.3]). Let R be a ring, T be a tilting
module, and S be the resolving subclass of mod-R corresponding to T via
Theorem 3.6. Then there is an S-filtered tilting module T ′ eqiuvalent
to T .
Cotilting modules, on the other hand, can be sometimes up to equiv-
alence expressed as products of indecomposable modules. This is for
instance always true for ﬁnitely generated cotilting modules over artin
algebras. In the inﬁnitely generated case, the topic is discussed in [72,
§3] where also the following result is proved. Let us recall that a pure-
injective module is called superdecomposable or continuous if it has no
non-zero indecomposable direct summands.
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Proposition 4.5 ([72, Theorem 3.5]). Let R be a ring with no su-
perdecomposable pure-injective right modules (this holds if R is (i) a
Dedekind domain or (ii) a tame hereditary artin algebra, for exam-
ple). Then for any cotilting module C ∈ Mod-R, there is an equivalent
cotilting module C ′ which is a product of indecomposable modules.
Let us conclude this discussion by noting that in both Proposi-
tions 4.4 and 4.5, we really need to pass to an equivalent tilting or
cotilting module. Without this, the statements would not be true.
4.3. Duality on the level of modules. We will once again brieﬂy re-
visit the duality between tilting and cotilting classes from Theorem 3.6.
This time, we focus on how it acts on tilting and cotilting modules or,
more precisely, their equivalence classes. We say that a cotilting mod-
ule is of cofinite type if its corresponding cotilting class is of coﬁnite
type.
Proposition 4.6. Let R be a ring and D a module duality functor for
R. Then DT is cotilting whenever T ∈ Mod-R is tilting, and T → DT
defines a bijective correspondence between equivalence classes of tilting
right R-modules and equivalence classes of cotilting left R-modules of
cofinite type. Moreover, this correspondence is the same as that in
Theorem 3.6.
Proof. This has been proved in [7, Proposition 2.3] for the duality func-
tor D = HomZ(−,Q/Z), but the proof reads equally well for any mod-
ule duality functor D. 
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5. Cotilting covers and reflections
In this section, we will take a closer look at covers and reﬂections in-
duced by cotilting classes. We recall that a class of modules C ⊆ Mod-R
is reflective if the full embedding C ⊆ Mod-R has a left adjoint. A re-
flection of a module M ∈ Mod-R is then the corresponding component
of the unit of this adjunction. In other words, a reﬂection of M is a
homomorphism f : M → C such that C ∈ C and any other morphism
f ′ : M → C ′ with C ′ ∈ C has a unique factorization through f . There-
fore, reﬂections can be viewed as a functorial version of envelopes.
5.1. Cotilting reflections. We will give another characterization of
the cotilting classes corresponding to cotilting modules of injective di-
mension ≤ 2. It will follow that every such class is reﬂective. In this
way, we are provided with a large family of non-trivial reﬂective classes
by Theorem 3.6. First, we recall some general facts.
Definition 5.1. Let A be a category with arbitrary products and C ⊆
A be a full subcategory. Then C is said to be locally initially small
in A (in the sense of [58]) if for every object A ∈ A, there is a set
CA ⊆ C such that every morphism A → C with C ∈ C factors through
a product of objects of CA.
Then we have the following criteria for a class being preenveloping
or reﬂective:
Proposition 5.2 ([58, Theorem 3.3]). Let R be a ring and C be a class
of right R-modules. Then the following assertions are equivalent:
(1) C is preenveloping,
(2) C is locally initially small in Mod-R and every product of mod-
ules from C is a direct summand in a module from C.
Proposition 5.3 ([59, Corollary 3.2]). Let R be a ring and C be a class
of right R-modules. Then the following assertions are equivalent:
(1) C is reflective,
(2) C is preenveloping and closed under equalizers,
(3) C is locally initially small in Mod-R and closed under equalizers
and products.
Note that C being closed under direct products and equalizers is
exactly the same as C being closed under taking limits in the sense of
theory of categories. This is due to the classical result that every limit
can be constructed by means of products and equalizers. Notice also
that a class C being closed under equalizers in a category of modules
is equivalent to the condition that C is closed under taking kernels of
any homomorphism between modules in C. In the case of a left hand
class of a cotorsion pair, the condition of being closed under equalizers
can also be equivalently restated as follows:
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Lemma 5.4. Let R be a ring and (A,B) be a cotorsion pair in Mod-R.
Then the following are equivalent:
(1) A is closed under equalizers,
(2) Ext2(A,B) = 0 and every B ∈ B has injective dimension at
most 2.
Proof. (1) =⇒ (2). By (1), A is clearly closed under kernels of epimor-
phisms, which by dimension shifting immediately implies Ext2(A,B) =
0. Next, let B ∈ B, M be an arbitrary module, and
P1
f→ P0 →M → 0
be a projective presentation of M . Then Ker f ∈ A since P0, P1 ∈ A.
Thus, Ext3R(M,B)
∼= Ext1R(Ker f, B) = 0 and idB ≤ 2.
(2) =⇒ (1). Let f : X → Y be a homomorphism with X, Y ∈ A.
Note ﬁrst that Ext2(A,B) = 0 implies that A is closed under taking
syzygies and, consequently, Exti(A,B) = 0 for each i ≥ 1. Then for
any B ∈ B, we have Ext1R(Ker f, B) ∼= Ext3R(Coker f, B) = 0 using a
dimension shifting argument. Hence Ker f ∈ A and A is closed under
equalizers. 
The following lemma is not diﬃcult to prove but it has important
consequences:
Lemma 5.5 ([58, Proposition 2.8]). Let R be a ring and C be a class
closed under pure submodules (i.e. any definable class). Then C is
locally initially small in Mod-R.
As a corollary, we get a handy criterion for a class to be preenvelop-
ing:
Corollary 5.6. Let R be a ring and C be a definable class. Then C is
preenveloping.
Note, however, that deﬁnable classes are not enveloping in general.
If R is a commutative domain, then the class of divisible R-modules is
always deﬁnable. On the other hand, the regular module R does not
have a divisible envelope unless R is a Matlis domain, that is, unless
projective dimension of the quotient ﬁeld Q of R is at most 1 [44,
Corollary 6.3.18].
Now, we can characterize the cotorsion pairs which correspond to
cotilting modules of injective dimension ≤ 2:
Theorem 5.7. Let R be a ring and (A,B) be a cotorsion pair in
Mod-R. Then the following statements are equivalent:
(1) A is the cotilting class corresponding to a cotilting module of
injective dimension ≤ 2.
(2) A is reflective.
(3) A is closed under direct products and equalizers.
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(4) Ext2R(A,B) = 0, all modules in B have injective dimension ≤ 2,
and A is closed under arbitrary products.
Proof. (1) ⇐⇒ (4) is a straightforward consequence of Theorem 2.11.
(3) ⇐⇒ (4) is an immediate consequence of Lemma 5.4. (2) =⇒ (3)
follows immediately by Proposition 5.3. Finally, for (1, 3) =⇒ (2) we
ﬁrst recall that any cotilting class is deﬁnable, hence locally initially
small by Lemma 5.5. Thus, A is reﬂective by Proposition 5.3. 
As a consequence, we can give a direct characterization of the classes
induced by cotilting modules of injective dimension ≤ 2, avoiding the
notion of a cotorsion pair. It is a generalization of an analogous re-
sult for injective dimension one [8, Theorem 2.5], with “torsion-free”
replaced by “reﬂective”:
Theorem 5.8. Let R be a ring and C be a class of right R-modules.
Then the following statements are equivalent:
(1) C is the cotilting class corresponding to a cotilting module of
injective dimension ≤ 2,
(2) C is a special covering reflective class,
(3) C is a special precovering class closed under direct products and
equalizers.
Proof. (1) =⇒ (2). C is reﬂective by Theorem 5.7 and provides for
special covers by Theorem 2.10 and Lemma 2.7.
(2) =⇒ (3). This follows immediately from Proposition 5.3.
(3) =⇒ (1). Note that since C is special precovering and closed
under direct summands, it must contain all projective modules. Let W
be an injective cogenerator, f : U0 →W be a special C-precover of W ,
and g : U1 → Ker f be a special C-precover of Ker f . In this way, we
obtain an exact sequence
0 → U2 → U1 → U0 →W → 0
Then U2 = Ker g ∈ C since C is closed under equalizers. Moreover, it is
easy to see that U0, U1, U2 ∈ KerExt1R(C,−) and, since C is closed under
kernels of epimorphisms and contains all projectives, also U0, U1, U2 ∈
KerExtiR(C,−) for each i ≥ 2.
Let us denote U = U0⊕U1⊕U2. Then U ∈ C ∩
⋂
i≥1 KerExt
i
R(C,−)
and, since C is closed under products, ExtiR(U I , U) = 0 for each i ≥
1 and every set I. We can deduce by a similar argument as in the
proof of Lemma 5.4 that every module in Ker Ext1R(C,−) has injective
dimension at most 2. In particular, U is a cotilting module such that
idU ≤ 2.
It remains to prove that C is the cotilting class corresponding to U .
To this end, assume that D is the cotilting class for U . Then clearly
C ⊆ D. On the other hand, M ∈ D if and only if there is an exact
sequence 0 → M → Uκ → Uκ for some cardinal κ, [16, Proposition
3.6]. But then M ∈ C since Uκ ∈ C and C is closed under equalizers. 
ARTIN ALGEBRAS AND INFINITELY GENERATED TILTING MODULES 27
5.2. Finitely presented modules in cotilting classes. The aim of
the last few paragraphs is to give a criterion under which all modules
in a cotilting class C are obtained as direct limits of ﬁnitely presented
modules in C. This is well-known to be true for instance when R is a
right noetherian ring and C is induced by a cotilting module of injective
dimension ≤ 1 (and is, therefore, a torsion-free class). This fact has
actually been an important part of the proof of Theorem 3.4 given
in [72].
We will state the result in a more general setting for all preenveloping
classes closed under direct limits. But, as we know by Theorem 3.12
and Corollary 5.6, any cotilting class has this property.
Theorem 5.9. Let R be a ring and C be a preenveloping class of right
R-modules which is closed under direct limits. Then the following are
equivalent:
(1) Any module in C is a direct limit of finitely presented modules
from C.
(2) Any finitely presented module M has a C-preenvelope M → CM
such that CM is finitely presented.
Proof. Note ﬁrst that C being closed under direct limits implies that
C is closed under direct summands. Hence C is closed under taking
arbitrary products by Proposition 5.2. Using direct limits once again,
we deduce that C is closed under arbitrary direct sums as well.
(1) =⇒ (2). Let M be ﬁnitely presented and g : M → D be a
C-preenvelope of M . Then, using (1) and Lenzing’s characterization of
direct limits of ﬁnitely presented modules [44, Lemma 1.2.9], g factors
through a map f : M → C such that C ∈ C is ﬁnitely presented. It is
easy to check that f is a C-preenvelope.
(2) =⇒ (1). Let U ∈ C. Then U = lim−→Ui for some ﬁnitely
presented modules Ui, i ∈ I. The direct limit induces a pure epimor-
phism p :
⊕
i Ui → U . Let Ui → Ci be C-preenvelopes of Ui such that
Ci are all ﬁnitely presented. Then the corresponding coproduct map
h :
⊕
i Ui →
⊕
i Ci is a C-preenvelope of
⊕
i Ui, and there is, therefore,
a pure epimorphism q :
⊕
Ci → U such that p = qh. Thus, using
Lenzing’s characterization again, we infer that U is a direct limit of
ﬁnitely presented modules from C. 
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I.
ALL n-COTILTING MODULES ARE PURE-INJECTIVE
Abstract
We prove that all n-cotilting R-modules are pure-injective for any ring
R and any n ≥ 0. To achieve this, we prove that ⊥1U is a covering class
whenever U is an R-module such that ⊥1U is closed under products and
pure submodules.
This paper has been published in Proc. Amer. Math. Soc. 134 (2006),
no. 7, 1891–1897.
ALL n-COTILTING MODULES ARE PURE-INJECTIVE
JAN SˇTˇOVI´CˇEK
1. Introduction
Tilting theory has been developed as an important tool in the rep-
resentation theory of algebras. In that context, tilting modules are
usually assumed to be ﬁnite dimensional. However, some of the results
have recently been extended to general modules over arbitrary associa-
tive unital rings, with interesting applications to ﬁnitistic dimension
conjectures (see [2] and [15]). In contrast to the ﬁnite dimensional
case, cotilting modules form a larger class in general than duals of
tilting modules, [6].
So a natural question arises whether each cotilting module is at least
pure-injective, that is, a direct summand in a dual module (where duals
are considered in the sense of modules of characters for general rings,
or vector space duals for algebras over a ﬁeld). An aﬃrmative answer
has important consequences: for example, each cotilting class is then
a covering class, [9].
The pure-injectivity of all 1-cotilting modules was ﬁrst proved in
the particular setting of abelian groups, and modules over Dedekind
domains, as a consequence of their classiﬁcation by Eklof, Go¨bel and
Trlifaj in [10] and [9].
The crucial step towards a general solution was the proof of pure-
injectivity of all 1-cotilting modules over any ring by Bazzoni, [4]. In
[5], she was able to prove pure-injectivity of all n-cotilting modules,
n ≥ 0, modulo one of the following conjectures where (B) is weaker
then (A):
(A) If U is an R-module such that ⊥1U is closed under products and
pure submodules, then ⊥1U is closed under direct limits.
(B) If U is an R-module such that ⊥1U is closed under products and
pure submodules, then ⊥1U is a special precovering class.
Recently, Conjecture (A) has been proved for countable rings and
for divisible modules U over Pru¨fer domains by Bazzoni, Go¨bel and
Stru¨ngmann in [7]. A stronger version of Conjecture (B) was proved for
2000 Mathematics Subject Classiﬁcation. Primary 16D90; Secondary 16E30,
03E75.
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any ring, but under the additional set theoretic assumption of Go¨del’s
axiom of constructibility, by Sˇaroch and Trlifaj in [14].
In the present paper, we prove Conjecture (A) in ZFC, thus proving
that all n-cotilting modules over any ring are pure-injective.
2. Preliminaries
Let R be a unital associative ring. All the modules will be left R-
modules. For a class of modules C and i ≥ 1, denote by ⊥iC the class
of all modules X such that ExtiR(X,C) = 0 for all C ∈ C. Dually,
C⊥i = {X | ExtiR(C,X) = 0 for all C ∈ C}. We will write ⊥iU instead
of ⊥i{U} for a single module U . Note that then ⊥i+1U = ⊥iU ′ where
U ′ is a cosyzygy of U .
A (non-strictly) increasing chain of sets (Sα | α < λ) indexed by
ordinals less than λ is called smooth if Sµ =
⋃
α<µ Sα for all limit
ordinals µ < λ. A smooth chain (Mα | α < λ) of submodules of a
module M is called a filtration of M if M0 = 0 and M =
⋃
α<λ Mα.
The following lemma is well-known (see eg. [8, Proposition XII.1.14]):
Lemma 1. Let M,U be modules such that M has a filtration (Mα |
α < λ) with Mα+1/Mα ∈ ⊥1U for all α < λ. Then M ∈ ⊥1U .
Let C be a class of modules. Then a homomorphism f : C → M
is called a special C-precover of M if f is epic and Ker f ∈ C⊥1 . The
class C is called special precovering if every module has a special C-
precover. The term comes from the fact that whenever f : C → M is
a special precover and g : C ′ → M is any homomorphism such that
C ′ ∈ C, then g factorizes through f . Therefore, special precovers are
indeed special instances of precovers as deﬁned for example in [16]. A
special C-precover f is called a C-cover if in addition g : C → C is
an automorphism whenever fg = f . A covering class is deﬁned in an
obvious way.
A module U is called n-cotilting, where n ≥ 0 is a natural number,
if:
(1) inj. dimU ≤ n,
(2) ExtiR(U
κ, U) = 0 for all i ≥ 1 and all cardinals κ,
(3) There is an injective cogenerator W and an exact sequence 0 →
Um → · · · → U1 → U0 → W → 0 such that all Uj’s are direct
summands of some products of copies of U for all 0 ≤ j ≤ m.
A class A is n-cotilting if A = ⋂i≥1 ⊥iU for some n-cotilting module
U . In addition, we have adopted the following notation: Let M be a
module. Then PE(M) denotes the pure-injective hull of M .
Let (Mα | α < λ) be a family of modules indexed by ordinal numbers
less than λ. Then
∏b
α<λ Mα denotes the (pure) submodule of the direct
product formed by the elements with a bounded support in λ. When
Mα ∼= M for all α < λ, the corresponding “bounded power” is denoted
by M<λ.
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Let M be a module, I a set, and let κ be a cardinal number. Then the
submodule of M I consisting of the elements with supports of cardinality
< κ is denoted M [I;κ].
3. Special embeddings into pure-injective modules
The aim of this section is to embed a module into a pure-injective
module in such a way that we know more about the structure of the
cokernel.
Lemma 2. Let R be a ring and M a module. Then there is an increas-
ing (non-smooth) chain of modules Mλ indexed by ordinal numbers, and
homomorphisms Sλ :
∏
α<λ Mα →Mλ, such that
(a) M0 = M , Mλ+1 = Mλ for each ordinal λ,
(b) Mλ/
⋃
α<λ Mα
∼=∏α<λ Mα/
∏b
α<λ Mα for each limit ordinal λ,
(c) The embeddings Mµ ⊆ Mλ are pure for each µ < λ,
(d) The restrictions Sλ  Mα : Mα → Mλ to any direct summand
of the product
∏
α<λ Mα are just the inclusions Mα ⊆Mλ (that
is, each Sλ extends the summation map
⊕
α<λ Mα →Mλ).
(e) Sλ 
∏
α<µ Mα = Sµ for each µ < λ.
Proof. We will construct the modules Mλ by induction. By (a), M0 =
M and S0 = 0. If λ = µ + 1, then Mλ = Mµ and Sλ : (
∏
α<µ Mα) ⊕
Mµ → Mλ is just the coproduct homomorphism of Sµ and id : Mµ →
Mλ.
Now, let λ be a limit ordinal. By induction hypothesis, S˜ =
⋃
α<λ Sα
is a well-deﬁned homomorphism
∏b
α<λ Mα →
⋃
µ<λ Mµ. Let us deﬁne
Mλ and Sλ by the following push-out:
0 −−→ ∏bα<λ Mα
⊆−−→ ∏α<λ Mα −−→
∏
α<λ Mα/
∏b
α<λ Mα −−→ 0
S˜

Sλ
∥∥∥
0 −−→ ⋃µ<λ Mµ
⊆−−→ Mλ −−→
∏
α<λ Mα/
∏b
α<λ Mα −−→ 0
Then (b), (d), (e) are obvious. Moreover,
⋃
µ<λ Mµ is a pure submodule
of Mλ, since the upper left horizontal map is a pure inclusion, thus (c)
follows. 
Lemma 3. Let R be a ring and M a module. Let λ be an ordinal,
(1)
∑
j∈J
aijxj = yi, yi ∈M, i < λ
be a system of equations in any (finite or infinite) number of unknowns
xj, j ∈ J , and Mλ be the module corresponding to M and λ from the
previous lemma. If (1) is finitely satisfied in M , then it is satisfied in
Mλ.
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Proof. Suppose that (1) is ﬁnitely satisﬁed. We will construct by in-
duction partial solutions xµj ∈Mµ, j ∈ J , of the ﬁrst µ equations such
that
(2) xµj = Sµ
(
(xα+1j − xαj )α<µ
)
We will set x0j = 0 for each j ∈ J by deﬁnition. If µ is non-zero ﬁnite,
there is a solution of the ﬁrst µ equations by the assumption and (2) is
trivially satisﬁed. Since for any µ inﬁnite: card(µ) = card(µ + 1), we
can ﬁnd a solution of the ﬁrst µ+1 equations just by renumbering the
equations and using the induction hypothesis. Then
xµ+1j = (x
µ+1
j − xµj ) + xµj = (xµ+1j − xµj ) + Sµ
(
(xα+1j − xαj )α<µ
)
=
= Sµ+1
(
(xα+1j − xαj )α<µ+1
)
Now let µ be a limit ordinal. We will consider (2) as a deﬁnition of xµj .
Then for arbitrary i < µ:
∑
j∈J
aijx
µ
j = Sµ
(∑
j∈J
aij (x
α+1
j − xαj )α<µ
)
=
= Si+1
(∑
j∈J
aij (x
α+1
j − xαj )α<i+1
)
=
=
∑
j∈J
aijSi+1
(
(xα+1j − xαj )α<i+1
)
=
∑
j∈J
aijx
i+1
j = yi
Thus, xµj is a solution of the ﬁrst µ equations, and subsequently x
λ
j ,
j ∈ J , is a solution of the whole system. 
Corollary 4. Let R be a ring, M a module and κ = max{ℵ0, card(R)}.
Let (Nα | α ≤ κ+) be a smooth chain of modules defined via: N0 = 0,
N1 = M , Nα+1 is the κ-th member of the chain from Lemma 2 when
starting with the module Nα. Then Nκ+ is pure-injective.
Proof. It is suﬃcient to prove that every system of linear equations
∑
j∈J
aijxj = yi, yi ∈ Nκ+ , i < κ
in unknowns xj , j ∈ J , which is ﬁnitely satisﬁed in Nκ+ is satisﬁed
in Nκ+, [8, V.1.2]. But all the yi’s are actually included in Nµ for
some µ < κ+, thus the system is satisﬁed in Nµ+1 by the preceding
lemma. 
4. Cotilting modules
First, we need the following two set-theoretic lemmas that hold in
ZFC. The ﬁrst one was proven in [11] for the special case κ = ℵ0. The
second one is a straightforward generalization of [4, 2.3].
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Lemma 5. Let κ be an infinite regular cardinal. Then for every cardi-
nal µ there is a cardinal λ ≥ µ such that λκ = 2λ and λα = λ for each
α < κ.
Proof. Let κ, µ be as above, and let λ be the union of the smooth chain
(µi | i < κ) deﬁned by µ0 = µ and µi+1 = 2µi . Then clearly λ is of
coﬁnality κ and ν < λ implies 2ν < λ. The power set P(λ) embeds
in an obvious way in
∏
i<κP(µi), hence 2λ ≤ λκ. If α < κ, then
the range of any map α → λ is actually contained in some µi, thus
λα = card(
⋃
i<κ µ
α
i ) ≤ λ. 
Lemma 6. Let λ, κ be cardinals such that λκ = 2λ and λα = λ for each
α < κ. Then there is a family S of subsets of λ of cardinality κ such
that :
(a) card(S) = 2λ,
(b) card(X ∩ Y ) < κ for each pair of distinct elements X, Y ∈ S.
Proof. Let D denote the disjoint union of the sets λα for all α < κ.
Then card(D) = λ. Deﬁne a map F : λκ → P(D) by F (f) = {(f  α) |
α < κ}. Then clearly card(F (f)) = κ and card(F (f) ∩ F (g)) < κ for
each distinct f, g ∈ λκ. The family S arises just by applying bijections
between λ and D, and between λκ and 2λ. 
The following lemma is a generalization of [4, 2.5] (which deals with
the case of κ = ℵ0):
Lemma 7. Let R be a ring and U a module such that ⊥1U is closed
under pure submodules and products. Then for any regular cardinal κ,
M ∈ ⊥1U implies Mκ/M<κ ∈ ⊥1U .
Proof. Let λ be a cardinal such that λκ = 2λ and λα = λ for each
α < κ. Consider a family S of subsets of λ as in Lemma 6. For each
X ∈ S, let ηX : MX →Mλ/M [λ;κ] be the composition of the canonical
embedding MX → Mλ with the canonical projection. Denote the
module Mκ/M<κ by N . Then clearly Im ηX ∼= N and Ker ηX = M [X;κ].
Moreover, it is easy to see that the sum
∑
X∈S Im ηX is actually a direct
sum.
Next, denote by V the preimage of
∑
X∈S Im ηX in M
λ. We claim
that V is a pure submodule of Mλ. In fact, x ∈ V if and only if the
support of x is a subset of some union of the form G ∪X1 ∪ · · · ∪Xn,
where X1, . . . , Xn are ﬁnitely many elements of S and card(G) < κ.
Thus, any system of ﬁnitely many linear equations
∑
j≤m aijxj = yi
with all the yi’s in V that can be solved in M
λ has a solution with
supports of xi’s inside the union of the supports of yi’s, therefore it has
a solution in V .
Now suppose that M ∈ ⊥1U . Then V ∈ ⊥1U as well, and we have a
short exact sequence of the following form:
0 → M [λ;κ] → V → N (S) → 0
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and the corresponding induced exact sequence:
HomR(M
[λ;κ], U) → Ext1R(N (S), U) → 0
We can always choose λ so that in addition λ ≥ card(HomR(Mµ, U))
for each µ < κ using Lemma 5. Let L denote the set of all the subsets
of λ of cardinality < κ. Then any homomorphism f : M [λ;κ] → U is
uniquely determined by its restrictions to MZ , Z running through all
elements of L. Therefore:
card(HomR(M
[λ;κ], U)) ≤
∏
Z∈L
card(HomR(M
Z , U)) ≤ λcard(L)
Moreover, card(L) ≤ card(⋃µ<κ λµ) = λ. Hence
card(HomR(M
[λ;κ], U)) ≤ 2λ.
On the other hand, if Ext1R(N,U) = 0, then card(Ext1R(N (S), U)) ≥
2card(S) = 22
λ
, a contradiction with the existence of an epimorphism.
Thus N ∈ ⊥1U . 
The following lemma generalizes [5, 3.7, part 2]. The proof is essen-
tially the same as in [5].
Lemma 8. Let C be a class of modules closed under pure submodules
and products. Assume in addition that there is a limit ordinal λ such
that M ∈ C implies Mλ/M<λ ∈ C. Then ∏α<λ Mα/
∏b
α<λ Mα ∈ C for
any family (Mα | α < λ) of modules of C.
Proof. Let us denote W =
∏b
α<λ Mα and let εα : Mα → W be the
canonical embeddings. Since W is a pure submodule of
∏
α<λ Mα, we
get W ∈ C and W λ/W<λ ∈ C. Denote f : ∏α<λ Mα → W λ/W<λ
the composition of the product of the maps εα with the canonical
projection. Then the kernel of f is exactly
∏b
α<λ Mα and the in-
duced embedding
∏
α<λ Mα/
∏b
α<λ Mα → W λ/W<λ is pure. Thus∏
α<λ Mα/
∏b
α<λ Mα ∈ C. 
Now, we are able to extend Lemma 7 to all limit ordinals:
Lemma 9. Let R be a ring and U a module such that ⊥1U is closed
under pure submodules and products. Then for any limit ordinal λ, if
(Mα | α < λ) is a family of modules of ⊥1U , then
∏
α<λ Mα/
∏b
α<λ Mα ∈
⊥1U .
Proof. In the view of the preceding lemma, it is suﬃcient to prove, by
induction on λ, that M ∈ ⊥1U implies Mλ/M<λ ∈ ⊥1U . If λ is a regular
cardinal, and this is in particular the case when λ = ℵ0, then we use
Lemma 7. If λ is not a regular cardinal, then there is a limit ordinal
µ < λ and an increasing continuous map f : µ→ λ with an unbounded
range and such that f(0) = 0. Let us denote Mα = M
f(α+1)\f(α) for
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each α < µ. Then obviously Mλ/M<λ ∼=∏α<µ Mα/
∏b
α<µ Mα, and the
latter module is contained in ⊥1U by the induction hypothesis. 
Proposition 10. Let R be a ring and U a module such that ⊥1U is
closed under pure submodules and products. Then M ∈ ⊥1U implies
PE(M)/M ∈ ⊥1U .
Proof. By Lemmas 1 and 9, Mλ/M ∈ ⊥1U whenever M ∈ ⊥1U for all
Mλ in Lemma 2. Thus, using this and Corollary 4, M purely embeds
into the pure injective module Nκ+ and Nκ+/M ∈ ⊥1U . Therefore,
PE(M)/M is isomorphic to a direct summand of Nκ+/M , [12, Theorem
4.20]. Hence PE(M)/M ∈ ⊥1U . 
Finally, we are ready to prove both the conjectures (A) and (B). The
proof of Theorem 11 given here is inspired by the proof of Conjecture
(A) in [7].
Theorem 11. Let R be a ring and U a module such that ⊥1U is closed
under pure submodules and products. Then ⊥1U is closed under pure
epimorphic images.
Proof. It suﬃces to prove that, whenever i : Y → X is a pure monomor-
phism such that X ∈ ⊥1U , and f : Y → U is any homomorphism, then
there is a homomorphism g : X → U such that f = gi. But in this
case Y ∈ ⊥1U and PE(Y )/Y ∈ ⊥1U too (Proposition 10). Thus, there
are homomorphisms h : X → PE(Y ) and k : PE(Y ) → U such that
j = hi and f = kj, where j is the embedding of Y into PE(Y ). The
composition kh yields the desired map g. 
Corollary 12. Let R be a ring and U a module such that ⊥1U is closed
under pure submodules and products. Then ⊥1U is a covering class.
Proof. This follows by [5, Proposition 5.4] and [9, Theorem 5]. 
The following is the main result of our paper:
Theorem 13. Let R be an arbitrary ring, n ≥ 0, and U be an n-
cotilting module. Then U is pure-injective.
Proof. This is immediate from Corollary 12 and [5, Theorem 5.5]. 
From [1, Theorem 4.1] and [3, Proposition 3.5], we get
Corollary 14. Let U be an n-cotilting module over an arbitrary ring
such that n ≥ 1, and let U ′ be a cosyzygy of U . Then ⋂i≥1 ⊥iU ′ is an
(n− 1)-cotilting class.
Remark. It is possible to state Lemma 7 more generally with just a
small change in the proof: If U is a class of modules such that ⊥1U
is closed under products and pure submodules, then M ∈ ⊥1U implies
Mκ/M<κ ∈ ⊥1U for any regular cardinal κ. The subsequent statements
in this paper generalize in a similar way so we can consider a class of
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modules U instead of a single module U everywhere to Corollary 12.
This fact was recently used by Sˇaroch and Trlifaj in [14] to improve
the characterization of cotilting cotorsion pairs from [1], dropping out
the assumption of the completeness of a cotorsion pair.
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II.
ALL TILTING MODULES ARE OF COUNTABLE TYPE
Abstract
Let R be a ring and T be an (inﬁnitely generated) tilting module. Then
T is of countable type, that is, there is a set, C, of modules possessing a
projective resolution consisting of countably generated projective mod-
ules such that the tilting class T⊥ equals C⊥. Moreover, a cotorsion
pair C = (A,B) is tilting if and only if C is hereditary, all modules in A
have ﬁnite projective dimension, and B is closed under arbitrary direct
sums.
This paper has been published in Bull. Lond. Math. Soc. 39 (2007),
no. 1, 121–132.
ALL TILTING MODULES ARE OF COUNTABLE TYPE
JAN SˇTˇOVI´CˇEK AND JAN TRLIFAJ
Inﬁnitely generated tilting modules occur naturally in various areas
of contemporary module theory. For example, ﬁniteness of the little
ﬁnitistic dimension of a right noetherian ring R is equivalent to the
existence of a particular tilting R-module Tf , [6]. Explicit computation
of Tf then yields a proof of the equality of the little and the big ﬁnitistic
dimensions for all (non-commutative) Iwanaga-Gorenstein rings, [5].
Similarly, if R is a commutative ring, S is some multiplicative set of
regular elements in R, and Q denotes the localization of R in S, then
the existence of a decomposition of Q/R into a direct sum of countably
presented R-submodules is equivalent to TS = Q⊕Q/R being a tilting
module of projective dimension ≤ 1, [4].
Though the examples of tilting modules above are typically inﬁnitely
generated, there is an implicit ﬁniteness condition connected to tilting.
Namely, all known examples of tilting modules T are of finite type,
that is, there is a set, S, of modules possessing a projective resolution
consisting of ﬁnitely generated projective modules such that T⊥ = S⊥
(see below for unexplained terminology). Then the tilting class T⊥
is deﬁnable, and one can characterize modules in T⊥ by formulas of
the ﬁrst-order language of module theory. For particular rings (Pru¨fer
domains [8], et al.), it has been proved that all tilting modules are of
ﬁnite type. The general case, however, remains open. 1
The proofs in the particular cases rely on the following result from
[8]: if T is a tilting module of projective dimension ≤ 1 then T is of
countable type, that is, there is a set, C, of modules possessing a pro-
jective resolution consisting of countably generated projective modules
such that T⊥ = C⊥.
Our main result generalizes this to all tilting modules:
Theorem 1. Let R be a ring and T a tilting module. Then T is of
countable type.
We also obtain a new characterization of tilting cotorsion pairs:
2000 Mathematics Subject Classiﬁcation. 16D90, 16E30 (primary), 03E75,
18G25, 20K40, 16D40, 16E05, 16G99 (secondary).
Sˇtov´ıcˇek supported by a grant of the Industrie Club Duesseldorf and by GACˇR
201/05/H005. Trlifaj supported by GACˇR 201/03/0937 and MSM 0021620839.
1Added in proof: Applying the main results of the present paper (Theorem 1),
and of a recent manuscript by Bazzoni and Herbera (”One dimensional tilting
modules are of ﬁnite type”), Bazzoni and Sˇtˇov´ıcˇek have recently proved that all
tilting modules are of ﬁnite type.
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Theorem 2. Let R be a ring, n < ω, and C = (A,B) be a cotorsion
pair. Then C is an n-tilting cotorsion pair if and only if C is hereditary,
A consists of modules of projective dimension ≤ n, and B is closed
under arbitrary direct sums.
We prove Theorems 1 and 2 in ZFC, but we make essential use of the
set-theoretic methods developed originally by Eklof, Fuchs, Hill, and
Shelah in projective dimension 1 for structure theory of Whitehead and
Baer modules, cf. [9], [10, Chap. XII]. In order to deal with modules
of projective dimension > 1, we extend some of the key constructions
avoiding at the same time the tools characteristic of the one dimensional
case (the tight systems, for example). Thus, our methods seem to be
of independent interest, and they are presented in separate theorems
in the ﬁrst two sections of the paper, and in Theorems 15 and 18.
The proof of Theorem 1 appears in Section 3; Theorem 2 is proved in
Section 4.
Preliminaries
For a ring R, we denote by Mod-R the category of all (unitary right
R-) modules. Given a module M , gen(M) denotes the minimal cardi-
nality of an R-generating subset of M , and E(M) the injective hull of
M .
For a ring R, dim(R) denotes the minimal inﬁnite cardinal κ such
that gen(I) ≤ κ for all right ideals I of R. For example, dim(R) = ℵ0
if and only if R is right ℵ0-noetherian.
Given a family of modules (Mi | i ∈ I) and an inﬁnite cardinal ν,
we denote by
∏<ν
i∈I Mi the submodule of the direct product
∏
i∈I Mi
formed by all elements with support of cardinality < ν (so
∏<ℵ0
i∈I Mi =⊕
i∈I Mi, for example).
We denote by E the class of all modules of the form ∏<νi∈I Ei where ν
is a regular inﬁnite cardinal and (Ei | i ∈ I) a family of injective mod-
ules. The subclass of E consisting of arbitrary direct sums of injective
modules (using only ν = ℵ0) is denoted by E0.
For n < ω, Pn stands for the class of all modules of projective dimen-
sion ≤ n. The class of n-th cosyzygies of all R-modules is denoted by
Cosn-R; that is, M ∈ Cosn-R if and only if there is an exact sequence
En−1 → · · · → E0 →M → 0 with injective modules Ej , 0 ≤ j < n.
For a class of modules C and an inﬁnite cardinal κ, denote by C<κ and
C≤κ the subclass of all modules in C possessing a projective resolution
consisting of < κ-generated and ≤ κ-generated, respectively, projective
modules. For example, if R is right ℵ0-noetherian or C ⊆ P1, then C≤ℵ0
consists of all countably presented modules in C.
For a class of modules C and 1 ≤ i < ω, we deﬁne
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C⊥i = KerExtiR(C,−) = {M ∈ Mod-R | ExtiR(C,M) = 0 ∀C ∈ C}
and C⊥ = ⋂1≤i<ω C⊥i . Similarly, ⊥iC = KerExtiR(−, C) and ⊥C =⋂
1≤i<ω(
⊥iC). If C = {M} for a single module M , we write M⊥ instead
of {M}⊥ etc. Note that Pn = ⊥1(Cosn-R) = ⊥(Cosn-R) for each n < ω.
A pair of classes of modules, C = (A,B) is a cotorsion pair pro-
vided that A = ⊥1B and B = A⊥1 . C is hereditary provided that
ExtiR(A,B) = 0 for all A ∈ A, B ∈ B and 2 ≤ i < ω (that is, provided
that A = ⊥B and B = A⊥). C is complete provided that for each mod-
ule M there is an exact sequence 0 → B → A → M → 0 with A ∈ A
and B ∈ B.
For example, given a class of modules C, (⊥1(C⊥1), C⊥1) is a cotorsion
pair, called the cotorsion pair cogenerated by C. Any cotorsion pair
cogenerated by a set of modules is complete, cf. [11].
A module T is a tilting module provided that T has ﬁnite projective
dimension, ExtiR(T, T
(κ)) = 0 for all 1 ≤ i < ω and all cardinals κ, and
there are m < ω and an exact sequence 0 → R → T0 → · · · → Tm → 0
such that Ti is a direct summand in a (possibly inﬁnite) direct sum of
copies of T for each i ≤ m. The class TT = T⊥ is called the tilting
class induced by T , and the (complete, hereditary) cotorsion pair CT =
(⊥(T⊥), T⊥) the tilting cotorsion pair induced by T .
If T has projective dimension ≤ n, then T , TT , and CT , are called
the n-tilting module, n-tilting class, and n-tilting cotorsion pair, re-
spectively. In this case, ⊥(T⊥) ⊆ Pn, and TT is closed under arbitrary
direct sums, cf. [16].
For a module M , an ascending chain, M = (Mα | α ≤ κ) of
submodules of M is called continuous provided that M0 = 0 and
Mα =
⋃
β<α Mβ for all limit ordinals α ≤ κ. If moreover Mκ = M ,
then M is called a filtration of M . Similarly (componentwise), we
deﬁne continuous chains and ﬁltrations consisting of short exact se-
quences of modules. If M is a ﬁltration of a module M such that κ is
an inﬁnite cardinal and gen(Mα) < κ for all α < κ, then M is called a
κ-filtration of M .
Assume κ is a regular uncountable cardinal. A strictly ascending
function f : κ → κ is called continuous provided that f(0) = 0, and
f(α) = supβ<αf(β) for all limit ordinals α < κ. If M = (Mα | α ≤ κ)
is a ﬁltration of a module M , and f : κ → κ a continuous function, then
M′ = (Mf(α) | α ≤ κ) (where we put f(κ) = κ) is again a ﬁltration of
M , called the subfiltration of M induced by f . Any two κ-ﬁltrations of
M coincide on a closed and unbounded subset of κ, cf. [10], thus they
possess a common subﬁltration.
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Given a class of modules C and a module M , we say that M is C-
filtered provided that M possesses a ﬁltration (Mα | α ≤ λ) such that
Mα+1/Mα is isomorphic to an element of C for each α < λ.
We will need the following well-known lemmas:
Lemma 3. Let M be a module, and C a class of modules. Assume that
M is ⊥1C-filtered. Then M ∈ ⊥1C.
Proof. See e.g. [10, XII.1.14]. 
Lemma 4. Let R be a ring, and κ be a cardinal such that κ ≥ dim(R).
Then any submodule of a ≤ κ-generated module is ≤ κ-generated.
Proof. First, all submodules of cyclic modules are ≤ dim(R)-generated,
since they are homomorphic images of right ideals. Further, any ≤ κ-
generated module M has a ﬁltration (Mα | α ≤ κ) such that all factors
Mα+1/Mα are cyclic. If K ⊆M , then K ∩Mα+1/K ∩Mα embeds into
Mα+1/Mα for each α < κ, and the assertion follows. 
1. Closure properties of cotorsion classes
Proposition 5. Let C = (A,B) be a complete hereditary cotorsion
pair cogenerated by a class C of modules of finite projective dimension.
Assume that B is closed under arbitrary direct sums and X is a B-
filtered module. Then X ∈ B.
Proof. Let (Xα | α ≤ κ) be a B-ﬁltration of X. By induction on κ, we
will prove that X ∈ B and there is a continuous chain of short exact
sequences
δα : 0 → Kα →
⊕
λ<α
Bλ → Xα → 0 (α < κ)
such that
(1) K0 = 0 and Kα+1/Kα ∈ B for any α < κ,
(2) Bλ ∈ A ∩ B for all λ < κ,
(3) The embedding of the middle term of δα into the middle term
of δβ is the canonical inclusion, for all α < β < κ.
For κ = 0, clearly 0 ∈ B, and we just take the short exact sequence
of zeros. Let κ = β + 1. Then Xκ ∈ B immediately by the inductive
assumption and the fact that B is closed under extensions.
For the construction of δκ, we use an idea from [15, 2.3]: since C is
complete, there is a short exact sequence 0→ B′ → Bβ → Xκ/Xβ → 0
with B′ ∈ B and Bβ ∈ A. We form a pull-back:
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0 0



Xβ Xβ



0 −−−→ B′ −−−→ P −−−→ Xκ −−−→ 0∥∥∥

p


0 −−−→ B′ −−−→ Bβ −−−→ Xκ/Xβ −−−→ 0



0 0
Since Xκ/Xβ ∈ B, we have Bβ ∈ A∩B. Thus, the middle column of
the diagram splits, and we can use the exact sequence δβ to form the
following diagram:
0 0 0





0 −−−→ Kβ −−−→
⊕
λ<β Bλ −−−→ Xβ −−−→ 0


i


0 −−−→ Kκ −−−→
⊕
λ<κ Bλ −−−→ Xκ −−−→ 0





0 −−−→ B′ −−−→ Bβ −−−→ Xκ/Xβ −−−→ 0





0 0 0
The diagram is commutative and has exact rows and columns by the
3× 3 lemma, and the map i can be w. l. o. g. taken as the canonical
inclusion. We deﬁne δκ as the middle row of this diagram.
Finally, assume κ is a limit ordinal. Then we deﬁne δκ = lim−→α<κ δα :
0 → Kκ → C1 → Xκ → 0. To complete the proof, we use an idea from
[7, 3.2]: we replace Xκ with Kκ (and (Xβ | β ≤ κ) with (Kβ | β ≤ κ)),
and, step by step, construct a long exact sequence:
· · · → C3 f3→ C2 f2→ C1 f1→ Xκ → 0, Ci ∈ B for i ≥ 1
If A ∈ C has projective dimension n, then
Ext1R(A,Xκ)
∼= Extn+1R (A,Ker fn) = 0.
This proves that Xκ ∈ B. 
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Theorem 6. Let C = (A,B) be a complete hereditary cotorsion pair
cogenerated by a class of modules of finite projective dimension, and
let B be closed under arbitrary direct sums. Then B is closed under
arbitrary direct limits.
Proof. First, we prove that B is closed under unions of arbitrary chains.
Let C ⊆ B be a chain of modules with respect to inclusion. We con-
struct a B-ﬁltration of X = ⋃ C by transﬁnite induction: we set X0 = 0,
and Xα =
⋃
β<α Xβ for α limit. If α = β + 1 and Xβ  X, we con-
sider x ∈ X \Xβ and take Xα as an element of C containing x. Since
Xα ⊆ Xβ and Xβ is a union of elements of C, we have Xβ ⊆ Xα. Since
the cotorsion pair C is hereditary, we have Xα/Xβ ∈ B, and Proposition
5 applies.
Now, the result follows from the well-known fact that closure un-
der unions of well-ordered chains implies closure under arbitrary direct
limits (see e.g. [1, 1.7]). 
Later on, we will need the following corollary:
Corollary 7. Let C = (A,B) be as in Theorem 6. Then ∏<νi∈I Mi ∈ B
whenever (Mi | i ∈ I) is a family of modules in B and ν is a regular
infinite cardinal. In particular, E ⊆ B.
Proof. The statement follows from the fact that
∏<ν
i∈I Mi is a directed
union of the products
∏
i∈J Mi for subsets J ⊆ I of cardinality < ν. 
2. Filtrations of regular length
The following theorem is a partial converse of Lemma 3. It gen-
eralizes [10, Theorem XII.3.3] (which has the additional assumption
of proj.dim(Mα+1/Mα) ≤ 1 for all α < κ). Our theorem essentially
says that if B is closed under arbitrary direct sums, then each mod-
ule M ∈⊥1 B with a κ-ﬁltration in ⊥1B is actually ⊥1B-ﬁltered by a
subﬁltration.
Theorem 8. Let R be a ring, κ a regular uncountable cardinal, and B
a class of modules closed under arbitrary direct sums. Let M ∈ ⊥1B be
a module possessing a κ-filtration (Mα | α ≤ κ) such that Mα ∈ ⊥1B
for all α < κ. Then there is a continuous function f : κ→ κ such that
Mf(β)/Mf(α) ∈ ⊥1B for all α < β < κ.
Proof. Assume the claim is false. Then the set
E = {α < κ | ∃β : α < β < κ & Mβ/Mα ∈ ⊥1B}
has a non-empty intersection with each closed and unbounded subset
of κ. Possibly passing to a subﬁltration, we can w.l.o.g. assume that
E = {α < κ | Ext1R(Mα+1/Mα,B) = 0}. Then for each α ∈ E there
are a Bα ∈ B and a homomorphism δα : Mα+1/Mα → E(Bα)/Bα that
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cannot be factorized through the projection τα : E(Bα) → E(Bα)/Bα.
For α < κ, α /∈ E, we put Bα = 0 and δα = 0.
Let I =
∏
α<κ E(Bα), D =
⊕
α<κ Bα (⊆ I), and F = I/D. For each
subset A ⊆ κ, deﬁne IA = {x ∈ I | xβ = 0 for all β < κ, β /∈ A}. In
particular, Iκ = I, and Iα ∼=
∏
β<α E(Bβ) is injective for each α ≤ κ.
For each α < κ, we let Fα = (Iα + D)/D (⊆ F ) and πα be the
epimorphism Iα → Fα deﬁned by πα(x) = x + D. Then Ker(πα) ∼=⊕
β<α Bβ (∈ B).
Let U =
⋃
α<κ Iα. Then D ⊆ U ⊆ I, and we let G = U/D (⊆ F )
and π : U → G be the projection modulo D.
For each α < κ, deﬁne Eα = (I{α} + D)/D. Then there is an
isomorphism ια : E(Bα)/Bα ∼= Eα, and Fα+1 = Eα ⊕ Fα (⊆ G).
Moreover, taking Cα = (I(α,κ) + D)/D, we have F = Fα+1 ⊕ Cα,
so G = Eα ⊕ Fα ⊕ (Cα ∩ G). Denote by ξα the projection onto the
ﬁrst component, Eα, in the latter decomposition of G. Then ξα maps
x+D ∈ G to y+D ∈ Eα where yα = xα and yβ = 0 for all α = β < κ.
In order to prove that Ext1R(M,B) = 0, it suﬃces to construct a ho-
momorphism ϕ : M → G that cannot be factorized through π (because
then the map HomR(M,π) is not surjective, so Ext
1
R(M,D) = 0).
ϕ will be constructed by induction on α < κ as a union of a contin-
uous chain of homomorphisms (ϕα | α < κ) where ϕα : Mα → Fα for
all α < κ, and ϕ  M0 = 0.
For α < κ, we use the assumption of Ext1R(Mα,
⊕
β<α Bα) = 0 to ﬁnd
a homomorphism ηα : Mα → Iα such that ϕα = παηα. The injectivity
of the module Iα yields a homomorphism ψα : Mα+1 → Iα such that
ψα  Mα = ηα.
Denote by ρα the projection Mα+1 → Mα+1/Mα. Deﬁne ϕα+1 =
ιαδαρα + παψα. Then ϕα+1 Mα = παψα Mα = παηα = ϕα.
Finally, assume there is φ : M → U such that ϕ = πφ. Since
U =
⋃
α<κ Iα, the set C = {α < κ | φ(Mα) ⊆ Iα} is closed and
unbounded in κ. So there exists α ∈ C∩E. Denote by σ the projection
I → E(Bα). Then φ induces a homomorphism φ¯ : Mα+1/Mα → E(Bα)
deﬁned by φ¯ρα(m) = σ(φ(m)) for all m ∈Mα+1.
By the deﬁnition of ξα, we have ιατασ(x) = ξαπ(x) for each x ∈ U ,
ξα  Fα = 0, and ξα  Eα = id. So, for each m ∈ Mα+1, we get
ταφ¯ρα(m) = ι
−1
α ξαπφ(m) = ι
−1
α ξαϕα+1(m) =
= ι−1α ξαιαδαρα(m) = δαρα(m).
Since ρα is surjective, this proves that ταφ¯ = δα, in contradiction
with the deﬁnition of δα. 
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3. Classes of countable type
We start with a technical lemma that will be applied later on to esti-
mate the number of generators of submodules in our particular setting.
Lemma 9. Let R be a ring, κ a regular infinite cardinal, and M a
module. Let (Mα | α ≤ κ) be a strictly ascending filtration of M . Then
there is a family of non-zero injective modules (Eα | α < κ) and an
embedding e : M → ∏<κα<κ Eα such that, for each submodule N ⊆ M
with N ∩ (Mα+1 \Mα) = ∅ for all α < κ, the union of supports of all
elements of e(N) equals κ.
Proof. Let iα : Mα+1/Mα → Eα be an injective envelope of Mα+1/Mα
for each α < κ. We will construct a continuous chain of injective maps
eα : Mα →
∏
β<α Eβ as follows:
e0 = 0; if eα is already constructed, we can extend it to fα : Mα+1 →∏
β<α Eβ since all Eβ’s are injective, and put eα+1 = fα + iαpα where
pα : Mα+1 → Mα+1/Mα is the projection.
Consider e =
⋃
α<κ eα : M →
∏<κ
β<κ Eβ. If N ⊆ M and x ∈ N ∩
(Mα+1 \Mα), then the α-th component of e(x) (= eα+1(x)) is iαpα(x)
( = 0), and the claim follows. 
While Theorem 8 will take care of ﬁltrations of regular length, our
arguments for singular cardinals will be based on the following two
lemmas essentially going back to [9], see also [10, Chap. XII].
Definition 10. Let M be a module, Q a set of modules, and κ a
regular inﬁnite cardinal. Then M is called κ-Q-free provided there is
a set Sκ consisting of < κ-generated Q-ﬁltered submodules of M such
that:
(a) 0 ∈ Sκ,
(b) Sκ is closed under well-ordered chains of length < κ, and
(c) each subset of M of cardinality < κ is contained in an element
of Sκ.
The set Sκ is said to witness the κ-Q-freeness of M . If Sκ also satisﬁes
(d) M/N is Q-ﬁltered for each N ∈ Sκ,
then we call M κ-Q-separable, and the set Sκ is said to witness the
κ-Q-separability of M .
Clearly, every κ-Q-separable module is Q-ﬁltered. The following
lemma says that the converse is also true under rather weak assump-
tions:
Lemma 11. Let R be a ring, µ an infinite cardinal and Q a set of ≤ µ-
presented modules. Then M is κ-Q-separable whenever M is Q-filtered
and κ is a regular cardinal > µ. Moreover, it is possible to choose the
witnessing sets so that Sκ ⊆ Sκ′ for all regular cardinals κ, κ′ such that
µ < κ < κ′.
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Proof. The result is implicit in (the proof of) [10, XII.1.14], so we only
sketch the main points. First, we recall the setting: a module N is
called “free” iﬀ N isQ-ﬁltered. A ﬁltration (Nα | α ≤ σ) demonstrating
that N is “free” is called the “free” chain for N .
If N is “free” then Y is a “basis” of N provided that Y is a set of
subsets of N , and there is a “free” chain N = (Nα | α ≤ σ) for N
such that Z ∈ Y iﬀ for all α < σ, < Z > ∩(Mα+1 \Mα) = ∅ implies
Mα+1 ⊆ Mα+ < Z >. (Note that Y is completely determined by the
“free” chain N .)
A submodule B ⊆ N is a “free” factor of N provided that B =< Z >
for some member Z of a “basis” Y of N . If B is a “free” factor of N
and Y ′, Y are “bases” of B and N , respectively, then (Y, Y ′) is called a
designated pair provided there is a “free” chain N = (Nα | α ≤ σ) for
N such that B = Nβ for some β < σ, Y is a “basis” of N determined
by N , and Y ′ = {Z ∈ Y | Z ⊆ B}.
Now, by assumption, M is “free”. We ﬁx a “basis” X of M , and
deﬁne Sκ to be the set of all “free” < κ-generated factors of M with
respect to X. Then Sκ witnesses the κ-Q-separability of M by [10,
Lemma XII.1.14]. 
Alternatively, Lemma 11 can be proved as a consequence of a gener-
alized version of Hill’s lemma (see [12, Theorem 2.1] and [14, Lemma
1.4]) as follows. First, given a Q-ﬁltration, (Mα | α ≤ σ), of M , we
ﬁx ≤ µ-generated submodules Aα of Mα+1 so that Mα+1 = Mα + Aα
for each α < σ. A subset S ⊆ σ is called ’closed’ provided that
Mα ∩ Aα ⊆
∑
β<α,β∈S Aβ for each α ∈ S. Now, it suﬃces to deﬁne Sκ
as the set of all submodules of M of the form
∑
s∈S Aα where S is a
’closed’ subset of σ of cardinality < κ.
The following is a particular case of the celebrated Shelah’s Singular
Compactness Theorem:
Lemma 12. [10, XII.1.14 and IV.3.7] Let R be a ring, λ a singular
cardinal, and ℵ0 ≤ µ < λ. Let Q be a set of ≤ µ-presented modules.
Let M be a module with gen(M) = λ. Assume that M is κ-Q-free for
each regular uncountable cardinal µ < κ < λ. Then M is Q-filtered.
In our particular setting, we will apply Theorem 8 under more general
conditions. For this purpose, we need
Lemma 13. Let R be a ring, n < ω, and B a class of modules closed
under arbitrary direct sums such that ⊥B ⊆ ⊥E0. Then ⊥B ∩ Pn = ⊥Bn
where Bn is the closure of B ∪ Cosn-R under arbitrary direct sums.
Proof. Clearly, ⊥Bn ⊆ ⊥B ∩ Pn. Conversely, let M ∈ ⊥B ∩ Pn and
X ∈ Bn. Then X is of the form B ⊕
⊕
i∈I Ci where B ∈ B and
(Ci | i ∈ I) is a family of modules from Cosn-R. That is, we have exact
sequences Ei,n−1 → · · · → Ei,0 → Ci → 0 with Ei,j’s injective for all
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i ∈ I and 0 ≤ j < n. Since M ∈ ⊥E0, the exact sequence
⊕
i∈I
Ei,n−1
fn−1→ . . . f1→
⊕
i∈I
Ei,0
f0→
⊕
i∈I
Ci → 0
implies ExtkR(M,
⊕
i∈I Ci) ∼= Extk+nR (M,Ker fn−1) = 0 for each 0 <
k < ω. Thus ExtkR(M,X) = 0, and we deduce M ∈ ⊥Bn. 
The following lemma will serve as the induction step in the proof of
Theorem 1.
For a class of modules C, denote by Aℵ0(C) the assertion: “All mod-
ules in C are C≤ℵ0-ﬁltered”.
Lemma 14. Let R be a ring and B a class of modules closed under
arbitrary direct sums such that ⊥B ⊆ ⊥E. Then Aℵ0(⊥B ∩ Pn) implies
Aℵ0(
⊥B ∩ Pn+1) for each n < ω.
Proof. Assume Aℵ0(
⊥B ∩ Pn) holds. Let κ be a regular uncountable
cardinal, M ∈ ⊥B∩Pn+1 be a module, and λ = gen(M). W.l.o.g., there
is a short exact sequence 0→ K ↪→ F π→ M → 0 where F = R(λ), and
K is a submodule of F .
Since M ∈ ⊥B ∩ Pn+1, we have K ∈ ⊥B ∩ Pn. Let Q = ⊥B ∩
P≤ℵ0n . By assumption and Lemma 11 (for µ = ℵ0), there are sets
Sκ ⊆ Sκ+ witnessing the κ-Q-separability and κ+-Q-separability of K,
respectively. Denote by S ′κ the set of all submodules N ⊆ M such
that there is a subset A ⊆ λ of cardinality < κ with π(R(A)) = N and
K ∩ R(A) ∈ Sκ.
Consider L ∈ Sκ. Then L is Q-ﬁltered, so L ∈ ⊥B by Lemma
3. Moreover, L is < κ-generated and P≤ℵ0n -ﬁltered, so L ∈ P<κn by
the Horseshoe Lemma. This shows that Sκ ⊆ ⊥B ∩ P<κn , and hence
S ′κ ⊆ P<κn+1.
We claim that S ′κ witnesses the κ-Q′κ-freeness of M where Q′κ =⊥B ∩ P<κn+1. Clearly, 0 ∈ S ′κ, and S ′κ is closed under well-ordered
unions of chains of length < κ. Moreover, we have the exact sequence
0 = ExtiR(M,B) → ExtiR(N,B) → Exti+1R (M/N,B) ∼= ExtiR(K/K ∩
R(A), B) = 0 for all π(R(A)) = N ∈ S ′κ, B ∈ B and i ≥ 1. Thus
S ′κ ⊆ Q′κ.
It remains to prove condition (c) of Deﬁnition 10. Let X be a subset
of M of cardinality < κ. There is a subset A0 ⊆ λ of cardinality < κ
such that X ⊆ π(R(A0)). Let L0 = K ∩R(A0). We will prove that there
is a module K0 ∈ Sκ containing L0.
If not, we can inductively construct a strictly ascending κ-ﬁltration
(K˜α | α ≤ κ) such that K˜α ∈ Sκ and L0∩(K˜α+1\K˜α) = ∅ for all α < κ.
Indeed, take K˜0 = 0, and for each α < κ, L0 ⊆ K˜α by assumption, so
we can ﬁnd K˜α+1 ∈ Sκ containing both K˜α and an element x ∈ L0\K˜α.
Put U = K˜κ and consider the map e : U →
∏<κ
α<κ Eα from Lemma 9.
Then the union of supports of all elements of e(U ∩ L0) equals κ. On
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the other hand, U ∈ Sκ+ , so K/U ∈ ⊥B. Since F/K ∼= M ∈ ⊥B and
⊥B ⊆ ⊥1E , we can extend e to K, then to F , to get a homomorphism
g : F → ∏<κα<κ Eα with g  U = e. However, since |A0| < κ, the
union of supports of all elements of g(R(A0)) has cardinality < κ, a
contradiction.
This proves that there exists K0 ∈ Sκ such that L0 ⊆ K0. Take
A1 ⊇ A0 such that K0 ⊆ R(A1) and |A1| < κ. Put L1 = K ∩ R(A1).
Continuing in this way, we deﬁne a sequence K0 ⊆ K1 ⊆ . . . of elements
of Sκ, and a sequence A0 ⊆ A1 ⊆ . . . of subsets of λ of cardinality < κ
such that K ∩ R(Ai) ⊆ Ki and Ki ⊆ R(Ai+1) for all i < ω. Then
K ′ =
⋃
i<ω Ki ∈ Sκ and K ′ = K ∩ R(A
′) where A′ =
⋃
i<ω Ai. So
π(R(A
′)) is an element of S ′κ containing X, and S ′κ witnesses the κ-Q′κ-
freeness of M . This completes the proof of the claim.
Now, we will prove Aℵ0(
⊥B ∩Pn+1) by induction on λ = gen(M) for
all M ∈ ⊥B ∩ Pn+1. Deﬁne R = ⊥B ∩ P≤ℵ0n+1 . If λ ≤ ℵ0, then we use
Lemma 9 similarly as above to prove that the ﬁrst syzygy, K, of M is
countably generated. Since K ∈ ⊥B ∩Pn, by induction, we get that K
has a projective resolution consisting of countably generated projective
modules, so M ∈ R.
If λ is regular, then we select from S ′λ a λ-ﬁltration, F , of M . Denote
by Bn+1 the closure of B ∪Cosn+1-R under arbitrary direct sums as in
Lemma 13; we have ⊥B ∩ Pn+1 = ⊥Bn+1. Since 0 = ExtiR(N ′, B) →
Exti+1R (N/N
′, B) → Exti+1R (N,B) = 0 for all modules N ′ ⊆ N ∈ F ,
B ∈ Bn+1 and i ≥ 1, we have ExtiR(N/N ′,Bn+1) = 0 for all i ≥ 2. Then
Theorem 8 yields a λ-subﬁltration of F which is a ⊥Bn+1-ﬁltration of
M . Using induction hypothesis, we reﬁne this ﬁltration to the desired
R-ﬁltration of M .
If λ is singular then S ′κ witnesses κ-R-freeness of M , for each regular
uncountable cardinal κ < λ. So the existence of an R-ﬁltration of M
follows by Lemma 12 for µ = ℵ0. 
A classical result of Kaplansky says that any projective module over
any ring is a direct sum of countably generated modules. So Aℵ0(
⊥B ∩
P0) holds for any class of modules B. Lemma 14 thus gives:
Theorem 15. Let R be a ring and B a class of modules closed under
arbitrary direct sums such that ⊥B ⊆ ⊥E . Then for any n < ω, all
modules in ⊥B ∩ Pn are ⊥B ∩ P≤ℵ0n -filtered.
Now, it is easy to prove our main theorem:
Proof of Theorem 1. Let C = (A,B) be the tilting cotorsion pair in-
duced by T , and n be the projective dimension of T . ThenA = ⊥B∩Pn,
so Corollary 7 applies and yields E ⊆ B. Let C = A≤ℵ0. Then
C⊥ = B (= T⊥) by Lemma 3 and Theorem 15, so T is of countable
type. 
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In general, there is a proper class of cotorsion pairs over a ﬁxed ring
R, cf. [13]. Since there is always a representative set of isomorphism
classes of ℵ0-presented modules, we get:
Corollary 16. Let R be a ring. Then the cotorsion pairs induced by
all tilting modules form a set.
4. Tilting cotorsion pairs
If we omit the assumption of ⊥B ⊆ ⊥E in Lemma 14 we can still
obtain a similar result, with ℵ0 replaced by dim(R).
For a class of modules C, denote by Aµ(C) the assertion: “All modules
in C are C≤µ-ﬁltered”.
Lemma 17. Let R be a ring and B a class of modules closed under
arbitrary direct sums. Let µ = dim(R). Then Aµ(
⊥B ∩ Pn) implies
Aµ(
⊥B ∩ Pn+1) for each n < ω.
Proof. The proof is the same as for Lemma 14 except that the induction
on gen(M) starts at µ rather than ℵ0, and when proving condition (c)
of Deﬁnition 10 for S ′κ, we ﬁnd Ki ∈ Sκ containing Li using Lemma 4
rather than Lemma 9. Finally, Lemma 13 is not needed when λ is a
regular cardinal ≥ dim(R), since each module M ∈ Pn with gen(M) =
λ has a λ-ﬁltration with successive factors in P<λn by [2]. 
As in the case of Theorem 15, Lemma 17 implies:
Theorem 18. Let R be a ring, n < ω, and B be a class of modules
closed under arbitrary direct sums. Then all modules in ⊥B ∩ Pn are
⊥B ∩ P≤dim(R)n -filtered.
Now, our second main result follows easily:
Proof of Theorem 2. It is well known that C is n-tilting if and only if C
is complete, hereditary, A ⊆ Pn and B is closed under arbitrary direct
sums, see [3]. So it remains to prove the if-part. Indeed, it is enough to
prove that the completness of C is implied by the other three conditions.
But then C is cogenerated by a set by Lemma 3 and Theorem 18, so C
is complete by [11, Theorem 2]. 
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ALL TILTING MODULES ARE OF FINITE TYPE
Abstract
We prove that any inﬁnitely generated tilting module is of ﬁnite type,
namely that its associated tilting class is the Ext-orthogonal of a set
of modules possessing a projective resolution consisting of ﬁnitely gen-
erated projective modules.
This paper is to appear in Proc. Amer. Math. Soc.
ALL TILTING MODULES ARE OF FINITE TYPE
SILVANA BAZZONI AND JAN SˇTˇOVI´CˇEK
1. Introduction
In the early eighties Brenner and Butler [9], Happel and Ringel [18]
generalized the classical Morita equivalence induced by a progenerator
by introducing the notion of a tilting module over a ﬁnite dimensional
artin algebras. In order to obtain equivalences between subcategories
of the module category, tilting modules were assumed to be ﬁnitely
generated and moreover of projective dimension at most one. Later,
Miyashita [20] considered tilting modules of ﬁnite projective dimension
and studied the equivalences induced by them. Colby and Fuller ex-
tended the setting to arbitrary rings, but in all the above mentioned
papers the tilting modules were always assumed to be ﬁnitely gener-
ated. The notion of inﬁnitely generated tilting modules over arbitrary
rings was introduced by Colpi and Trlifaj in [11] for the one dimen-
sional case and by Angeleri-Hu¨gel and Coelho in [1] in the general case
of ﬁnite projective dimension.
One of the advantages in dealing with inﬁnitely generated tilting
modules is evident in connection with the good approximation theory
that they induce and which we are going to illustrate (cf. [3] and
[1]). We recall that the tilting class B associated to a tilting module T
over a ring R is the class of R-modules which are in the kernel of all
the functors ExtiR(T,−). Such intersection of kernels is also called a
right orthogonal of T . If A denotes the class of the R-modules which
are in the kernel of all the functors ExtiR(−, B), for any B ∈ B, then
the pair (A,B) of classes of R modules is a hereditary cotorsion pair
which induces special precovers and preenvelopes (cf. [16] and [24]).
Alternatively, in the terminology used in [4, 5] for classes of ﬁnitely
generated modules, it induces right and left approximations.
There remained the problem to illustrate at what extent ﬁnitely
and inﬁnitely generated tilting modules are related. More precisely,
the question was to decide whether the tilting classes are determined
2000 Mathematics Subject Classiﬁcation. Primary: 16D90; 16D30. Secondary:
03E75,16G99.
First author supported by Universita` di Padova (Progetto di Ateneo
CDPA048343 “Decomposition and tilting theory in modules, derived and cluster
categories”). Second author supported by a grant of the Industrie Club Duesseldorf,
GACˇR 201/05/H005, and the research project MSM 0021620839.
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by ﬁnitely presented data in the sense that they are the right Ext-
orthogonals of a set of ﬁnitely generated modules. There have been
various eﬀorts by many authors in order to solve this problem. A ﬁrst
answer was given by Eklof, Trlifaj and the ﬁrst author in [7]. Using
set theoretic methods, they show that one dimensional tilting modules
are of countable type in the sense that their associated tilting classes
are the right Ext-orthogonal of a set of countably generated modules.
Moreover, in [7] it is shown that the problem to determine whether a
one dimensional tilting module is of ﬁnite type is equivalent to prove
that the associated tilting class is a deﬁnable class (see Section 2 for
precise deﬁnitions). Herbera and the ﬁrst author in [8] proved that
every tilting module of projective dimension one is of ﬁnite type. The
solution of the problem is obtained by proving that suitable countable
inverse limits of groups of homomorphisms satisfy the Mittag-Leﬄer
condition and that this condition is inherited by pure submodules. Al-
most at the same time Trlifaj and the second author in [22] were able
to extend the set theoretic methods used in [7] to the case of tilting
modules of any ﬁnite projective dimension, and to prove that they are
of countable type.
In the present paper, we prove that tilting modules of any ﬁnite
projective dimension are of ﬁnite type. First of all we note that the
reduction to the countable case as proved in [22] is crucial. The next
step is to prove that a tilting class is of ﬁnite type if and only if it
is deﬁnable. In our situation this amounts to prove that, if (A,B) is
the cotorsion pair induced by a tilting module, then every countably
presented module in the class A is a direct limit of ﬁnitely presented
modules in the class A. This result will be achieved in Section 3 by
using a particular notion of “freeness” for modules whose origin (for
general algebraic structures) goes back to ideas introduced by Shelah
to prove the singular compactness theorem. We say that a module is
“free” if it admits a ﬁltration of submodules with ﬁnitely presented fac-
tors. An adaptation of the proof of [14, XII.1.14] to our situation allow
us to represent every countably presented module in the class A as a
countable direct limit of ﬁnitely presented modules in the class A. Our
ﬁnal result, Theorem 4.2, is obtained by induction on the projective
dimension of a tilting module: we induct on the tilting cotorsion pairs
induced by the syzygies of a tilting module and then we use arguments
similar to the ones developed in [8] for the one dimensional case.
2. Preliminaries
In what follows, R is always an associative ring with unit and all
modules are right R-modules. First, we ﬁx the terminology and recall
some deﬁnitions.
Pn will denote the class of all modules of projective dimension at
most n.
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For a class C of modules and an inﬁnite cardinal κ, we deﬁne C<κ
to be the class of all modules in C possessing a projective resolution
consisting of < κ generated projective modules.
An ascending chain (Mα | α < κ) of submodules of a module M
indexed by a cardinal κ is called continuous if Mα = ∪β<αMβ for all
limit ordinals α < κ. It is called a ﬁltration of M if M0 = 0 and
M = ∪α<κMα.
Given a class C of modules, we say that a module M is C-filtered if it
admits a ﬁltration (Mα | α < κ) such that Mα+1/Mα is isomorphic to
some module in C for every α < κ. In this case we say that (Mα | α < κ)
is a C-filtration of M .
A class of modules is called definable if it is closed under arbitrary
direct products, direct limits, and pure submodules (cf. [12, §2.3]).
Deﬁnable classes are axiomatizable by ﬁrst order formulas and they
are characterized by the subclass of pure-injective modules that they
contain.
Let C ⊆ ModR. Deﬁne C⊥1 = KerExt1R (C,−) = {M ∈ ModR |
Ext1R (X,M) = 0 for all X ∈ C}, ⊥1C = KerExt1R (−, C), C⊥ =⋂
i≥1 KerExt
i
R(C,−), and ⊥C =
⋂
i≥1 KerExt
i
R(−, C). If the class C
has only one element, say C = {X}, we write just X⊥1 instead of
{X}⊥1, and similarly in the other cases.
A pair of classes of modules (A,B) is a cotorsion pair provided that
A = ⊥1B and B = A⊥1. Note that for every class C, ⊥C is a resolving
class, that is, it is closed under extensions, kernels of epimorphisms
and contains the projective modules. In particular, it is syzygy-closed.
Dually, C⊥ is coresolving : it is closed under extensions, cokernels of
monomorphisms and contains the injective modules. In particular, it
is cosyzygy-closed. A pair (A,B) is called a hereditary cotorsion pair
if A = ⊥B and B = A⊥. It is easy to see that (A,B) is a hereditary
cotorsion pair if and only if (A,B) is a cotorsion pair and A is resolving
if and only if (A,B) is a cotorsion pair and B is coresolving.
A cotorsion pair (A,B) is complete provided that every R-module M
admits a special B-preenvelope, that is, if there exists an exact sequence
of the form 0→ M → B → A→ 0 with B ∈ B and A ∈ A. For a class
C of modules, the pair C = (⊥(C⊥), C⊥) is a (hereditary) cotorsion pair;
it is called the cotorsion pair cogenerated by C. Every cotorsion pair
cogenerated by a set of modules is complete, [15]. If all the modules in
C have projective dimension ≤ n, then ⊥(C⊥) ⊆ Pn as well.
If C is a set, then a complete description of the modules in ⊥1(C⊥1) is
available. In fact, by results in [15] and by [23, Theorem 22], a module
belongs to ⊥1(C⊥1) if and only if it is a direct summand of a C′-ﬁltered
module where C′ = C ∪ {R}. Clearly, ⊥(C⊥) = ⊥1(C⊥1) provided that a
ﬁrst syzygy of M is contained in C whenever M ∈ C.
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A hereditary cotorsion pair C = (A,B) in ModR is of countable
type, and finite type, provided there is a class S of modules in A<ℵ1 ,
and A<ℵ0, respectively, such that S cogenerates C, that is B = S⊥.
We are interested in cotorsion pairs cogenerated by an n-tilting mod-
ule. Recall that for n < ω, a module T is n-tilting provided
(T1) T ∈ Pn,
(T2) ExtiR(T, T
(I)) = 0 for each i ≥ 1 and all sets I, and
(T3) there exist r ≥ 0 and a long exact sequence
0 → R → T0 → · · · → Tr → 0
such that Ti ∈ Add(T ) for each 0 ≤ i ≤ r.
Here, Add(T ) denotes the class of all direct summands of arbitrary
direct sums of copies of T .
A class of modules T is n-tilting provided there is an n-tilting module
T such that T = T⊥. In this case, the cotorsion pair cogenerated by T ,
namely (⊥T , T ), is called an n-tilting cotorsion pair. Every module in
⊥T has then projective dimension ≤ n and the class T is closed under
arbitrary direct sums. If (⊥T , T ) is of countable type or of ﬁnite type,
then T and T are called n-tilting of countable type or of finite type,
respectively.
Notice that any tilting class of ﬁnite type is deﬁnable. More gener-
ally, for any cotorsion pair (A,B) of ﬁnite type the class B is deﬁnable.
This follows from the well-known facts that if F posses a projective
resolution of ﬁnitely generated projective modules, then ExtnR(F,−)
commutes with direct limits for all n < ω, and that G⊥1 is closed
under pure submodules whenever G is ﬁnitely presented.
3. Countably generated modules
The aim of this section is to investigate conditions under which, for a
given class C, a module M ∈ C<ℵ1 is a countable direct limit of objects
in C<ℵ0 . The key idea is to look at conditions which imply that the
ﬁrst sygyzy module of M is C<ℵ0-ﬁltered.
A particular notion of “freeness” will be used. Its origin goes back
to the Shelah’s singular compactness theorem. The original version
of the theorem appears in [21], a shorter and more algebraic proof is
given in [19]. In these papers, an algebraic structure is called “free”,
if it satisﬁes certain rather general axioms wich are generalizations of
properties valid for free structures and for their bases. For R-modules,
this notion applies to more general situation than just free R-modules.
In our setting for instance, M is considered as “free” provided that M
is Q-ﬁltered by a family of < µ-presented modules for some cardinal
µ. Rather than stating the general axioms for the “freeness”, we will
concentrate on our case, where the key results concerning this notion
have been collected and very well illustrated in [14, XII.1.14] or [13].
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The following result is inspired by the proof of [14, XII.1.14]. The
diﬀerence in our situation is that we need to take care of possibly ﬁnitely
presented modules, and to explicitly state some properties contained
only implicitly in the proofs in the original papers. For the sake of
further simpliﬁcation, we prove the proposition only for µ = ℵ0 or
µ = ℵ1. It could be, however, extended to any regular cardinal by
following the original proofs.
Proposition 3.1. Let µ = ℵ0 or µ = ℵ1. Let M be a Q-filtered
module where Q is a family of < µ-presented modules. Then there
exists a subset S of Q-filtered submodules of M satisfying the following
properties:
(1) 0 ∈ S.
(2) S is closed under unions of arbitrary chains.
(3) For every N ∈ S, N and M/N are Q-filtered.
(4) For every subset X ⊆ M of cardinality < µ, there is a < µ-
presented module N ∈ S such that X ⊆ N .
Proof. Let (Mα | α < λ) be a Q-ﬁltration of M and let S be the set of
all submodules N of M with the property:
(∗) for all α < λ, N ∩ (Mα+1 \Mα) = ∅ implies N + Mα ⊇ Mα+1.
The properties (1) and (2) are then clear.
(3). We ﬁrst show that every N ∈ S is Q-ﬁltered. Consider the
family (N ∩ Mα | α < λ); then (N ∩ Mα+1)/(N ∩ Mα) is zero if
N ∩ (Mα+1 \Mα) = ∅ and isomorphic to Mα+1/Mα otherwise. Thus,
possibly by omitting some indicies, we get a Q-ﬁltration of N .
Next, we deﬁne by induction on ρ a Q-ﬁltration (Nρ/N | ρ < τ)
of M/N such that in addition Nρ ∈ S for all ρ. Let N0 = N and
assume Nρ have been deﬁned for all ρ < σ (σ > 0). If σ is limit
ordinal, let Nσ =
⋃
ρ<σ Nρ; then again Nσ ∈ S by (2). If σ = β + 1,
choose a minimal cardinal δ such that Mδ  Nβ. If there is no such
cardinal, then Nβ = M , and we have already the ﬁltration. Otherwise
by continuity, δ = γ+1 for some γ < λ. We deﬁne Nβ+1 = Nβ +Mγ+1.
By (∗) and by the choice of γ +1, it is easy to verify that Mγ+1/Mγ ∼=
Nβ+1/Nβ via x+Mγ → x+Nβ. So Nβ+1/Nβ is isomorphic to an element
of Q. It remains to show that Nβ+1 satisﬁes (∗). Let Nβ+1 ∩ (Mα+1 \
Mα) = ∅, for some α < λ. If α ≤ γ, then Nβ+1 + Mα ⊇ Mα+1, since
Nβ+1 ⊇ Mγ+1 ⊇ Mα+1. If α > γ, let x = y + z ∈ Nβ+1 ∩ (Mα+1 \Mα)
with y ∈ Nβ and z ∈ Mγ+1. Then y ∈ Mα+1 and y /∈ Mα; thus by
induction Nβ + Mα ⊇ Mα+1 and Nβ+1 satisﬁes (∗).
(4). Let X be a subset of M of cardinality < µ. Let ρ(X) be the least
ordinal number such that X ⊆ Mρ. We prove by induction on ρ that
there exists a < µ-presented module N ∈ S such that X ⊆ N ⊆Mρ. If
ρ = 0 there is nothing to prove. If ρ is a limit ordinal, then X is not a
ﬁnite subset of M , so µ = ℵ1. Let x1, x2, . . . , xn, . . . be an enumeration
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of X and let βn < ρ be the least ordinal such that {x1, x2, . . . , xn} ⊆
Mβn , for every n < ω. By induction, we can deﬁne an ascending chain
(Nn | n < ω) of modules of S with Nn < µ-presented, Nn ⊆ Mβn and
Nn+1 ⊇ Nn ∪ {xn+1}. Set N =
⋃
n<ω Nn; by (2) N ∈ S. Clearly,
X ⊆ N and N is < µ-presented contained in Mρ.
If ρ is not a limit ordinal, let ρ = β + 1 for some β < λ. Let L be
a < µ-generated submodule of Mβ+1 such that L ⊇ X and L + Mβ =
Mβ+1. Since Mβ+1/Mβ is < µ-presented, we infer that L ∩Mβ is < µ-
generated. Let Y be a generating system of L ∩ Mβ of cardinality
< µ. By inductive hypothesis, there exists a < µ-presented module
N0 ∈ S such that Y ⊆ N0 ⊆ Mβ . We claim that N = L + N0
satisﬁes the wanted conditions. Clearly X ⊆ N . Moreover, N/N0 ∼=
L/(N0 ∩ L) and L/(N0 ∩ L) ∼= Mβ+1/Mβ via x + (N0 ∩ L) → x + Mβ ,
since N0 ⊆ Mβ. Thus, N is < µ-presented. It remains to show that
N ∈ S. Let γ < λ be such that there is x ∈ N ∩ (Mγ+1 \Mγ). Then
γ ≤ β, since N ⊆ Mβ+1. If γ < β, then x ∈ N0, since N0 ⊆ Mβ. So
N+Mγ ⊇ N0+Mγ ⊇Mγ+1. If γ = β, then N+Mβ = L+Mβ = Mβ+1.
We conclude that N satisﬁes the condition (∗).

We will underline an immediate consequence of the condition (4) in
Proposition 3.1 stating it as a corollary:
Corollary 3.2. Let M be a countably generatedQ-filtered module where
Q is a family of finitely presented modules. Then there is a filtration
(Mn | n < ω) of M consisting of finitely presented submodules of M
such that Mn and M/Mn are Q-filtered for every n < ω.
The following technical lemma will be of use later:
Lemma 3.3. Let Q be a family of finitely presented modules containing
the regular module R. Let M be a countably presented module and let
0 → K → F →M → 0
be a free presentation of M with F and K countably generated. Assume
that K is a direct summand of a Q-filtered module. Then, there exists
an exact sequence:
0 → H → G→ M → 0
where H and G are countably generated Q-filtered modules.
Proof. Let K be a summand of a Q-ﬁltered module P . Since K is
countably generated, Proposition 3.1 implies that K is contained in a
countably generated Q-ﬁltered submodule of P ; thus we may assume
that P is countably generated. By Eilenberg’s trick, K ⊕ P (ω) ∼= P (ω).
Consider the exact sequence
0 → K ⊕ P (ω) → F ⊕ P (ω) →M → 0
and let H = K ⊕ P (ω) ∼= P (ω), G = F ⊕ P (ω). Then G and H are
countably generated Q-ﬁltered modules. 
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We apply the preceding results to the context of n-tilting cotorsion
pairs.
Lemma 3.4. Let (A,B) be an n-tilting cotorsion pair. If A ∈ A is a
countably or finitely generated module, then A ∈ A<ℵ1 or A ∈ A<ℵ0,
respectively.
Proof. Since A is a resolving class, it is enough to show that every
countably or ﬁnitely generated module in A is countably or ﬁnitely
presented, respectively.
By [22, Theorems 1 and 15], (A,B) is of countable type and every
module A ∈ A is A<ℵ1-ﬁltered. By Proposition 3.1 (4), a countably
generated A ∈ A is countably presented.
Assume now that A ∈ A is ﬁnitely generated and let 0 → K →
Rn → A → 0 be a presentation of A. By the ﬁrst part of the proof,
K is countably generated. Write K =
⋃
n∈ω Kn, where Kn is a chain
of ﬁnitely generated submodules of K. Consider the map φ : K →∏
n<ω En deﬁned by φ(x) = (x + Kn)n<ω, where En is an injective
envelope of K/Kn for every n < ω. The image of φ is contained in⊕
n<ω En which is an object of B. Thus, φ extends to some ψ : Rn →⊕
n<ω En. As a consequence, the image of φ is contained in
⊕
n≤m En,
for some m < ω. Hence K is ﬁnitely generated. 
In order to use an inductive argument we show now that for an
n-tilting module T , n ≥ 1, the cotorsion pair cogenerated by a ﬁrst
syzygy of T is an (n− 1)-tilting cotorsion pair.
Lemma 3.5. Let (A,B) be the cotorsion pair cogenerated by an n-
tilting module T with n ≥ 1. Let (A1,B1) be the cotorsion pair cogen-
erated by a first syzygy module of T . Then:
(1) (A1,B1) is an (n− 1)-tilting cotorsion pair,
(2) X ∈ B1 if and only if (any) first cosyzygy of X belongs to B,
(3) M ∈ A implies that (any) first sysygy of M belongs to A1.
Proof. Let 0 → Ω(T ) → F → T → 0 be a presentation of T with F
free and Ω(T ) a ﬁrst syzygy module of T . Then Ω(T ) has projective
dimension at most (n − 1) and, by [6, Lemma 3.4], Ω(T ) ⊥ is closed
under direct sums. By the characterization of tilting classes (cfr. [1] or
[22]), Ω(T ) ⊥ is an (n− 1)-tilting class. Let (A1,B1) be the associated
cotorsion pair, namely B1 = Ω(T ) ⊥ and A1 = ⊥B1 = ⊥1B1. For
modules X and M consider exact sequences 0 → X → I → Ω−(X) → 0
and 0 → Ω(M) → F ′ → M → 0, where I is an injective module, F ′ is
a free module and Ω−(X), Ω(M) are ﬁrst cosyzygy and syzygy module
of X and M , respectively. Then ExtiR (Ω(M), X)
∼= Exti+1R (M,X)
and Exti+1R (M,X)
∼= ExtiR (M,Ω−(X)) for all i ≥ 1. The last two
statements follow immediately by these formulas. 
The following provides the key ingredient for proving our main result.
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Lemma 3.6. Let (A,B) be the cotorsion pair cogenerated by an n-
tilting module T . Assume that the cotorsion pair (A1,B1) cogenerated
by a first syzygy of T is of finite type. Then any countably generated
module A ∈ A is isomorphic to a direct limit of a countable direct
system of the form:
C1
f1→ C2 f2→ C3 → . . .→ Cn fn→ Cn+1 → . . .
where the modules Cn’s are in A<ℵ0.
Proof. Since the cotorsion pair (A1,B1) is of ﬁnite type, it is cogen-
erated by (a representative subset of) A<ℵ01 . As recalled in Section 2,
A1 coincides with the class of all direct summands of the A<ℵ01 -ﬁltered
modules.
Fix a countably generated module A ∈ A and let
0 → K →
⊕
n<ω
xnR → A → 0
be a presentation of A. Then K ∈ A1, thus K is a summand in
an A<ℵ01 -ﬁltered module. By Lemma 3.4, A is countably presented;
so by the hypotheses and Lemma 3.3, there exists an exact sequence
0 → H → G → A → 0 where G and H are countably generated
A<ℵ01 -ﬁltered modules. By Corollary 3.2, we can write H =
⋃
n<ω Hn
and G =
⋃
n<ω Gn where, for every n < ω, Hn and Gn are ﬁnitely
presented A<ℵ01 -ﬁltered modules, and H/Hn, G/Gn are A<ℵ01 -ﬁltered.
W.l.o.g. we can assume that H is a submodule of G. Given n < ω,
there is an m(n) such that Hn ⊆ Gm(n); and we can choose the sequence
(m(n))n<ω to be strictly increasing.
We claim that Gm(n)/Hn ∈ A<ℵ0. By Lemma 3.4, it is enough
to show that Gm(n)/Hn ∈ A. Let B ∈ B; we have to show that
Ext1R(Gm(n)/Hn, B) = 0. But H/Hn is A<ℵ01 -ﬁltered, thus in A1, and it
is immediate to check that A1 ⊆ A. Moreover, G/H ∼= A ∈ A. Hence,
every homomorphism f : Hn → B can be extended to a homomorphism
g : G → B, and the restriction of g to Gm(n) obviously induces an
extension of f to Gm(n). Thus Ext
1
R(Gm(n)/Hn, B) = 0, since Gm(n) ∈
A1 ⊆ A.
Set Cn = Gm(n)/Hn. Since (m(n))n<ω is increasing and unbounded
in ω, the inclusions Gm(n) ⊆ Gm(n+1) induce maps fn : Cn → Cn+1, and
A is a direct limit of the direct system (Cn; fn)n<ω. 
4. Finite type
In the last step before stating the main result, we give a criterion
similar to [2, Proposition 2.6] for a tilting cotorsion pair to be of ﬁnite
type.
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Proposition 4.1. Let (A,B) be an n-tilting cotorsion pair. Assume
that every countably generated module A ∈ A is isomorphic to a direct
limit of some modules in A<ℵ0. Then the following are equivalent:
(1) the cotorsion pair (A,B) is of finite type;
(2) B is closed under pure submodules;
(3) B is a definable class.
Proof. The implication (3) ⇒ (2) is clear. For the converse, recall that
B is a coresolving class closed under direct sums. So if B is closed under
pure submodules then it is also closed under direct limits. B is always
closed under products, thus (2) implies (3).
(1) ⇒ (3) is clear.
(3) ⇒ (1) First of all recall that, by [22, Theorem 1], every n-
tilting cotorsion pair is of countable type. Hence B = (A<ℵ1)⊥. Let
B′ = (A<ℵ0)⊥; then B′ is a deﬁnable class containing B and it is well
known (cfr. [12]) that two deﬁnable classes coincide if and only if they
contain the same pure-injective modules. Let M be a pure-injective
module in B′ and let A ∈ A<ℵ1. By hypothesis A ∼= lim−→Cn, Cn ∈A<ℵ0. Then, from a well known result by Auslander, ExtiR(A,M) ∼=
lim←−Ext
i
R(Cn,M) = 0. Hence, M ∈ B and we conclude that B = B′. 
We are now in a position to prove our main result.
Theorem 4.2. Let R be any ring and T be an n-tilting R-module,
n ≥ 0. Then T is of finite type.
Proof. The proof is by induction on the projective dimension n of T .
If n = 0, the conclusion is obvious. Next, assume that all m-tilting
modules are of ﬁnite type for every m < n. Let T be a tilting module
of projective dimension n and let (A,B) be the n-tilting cotorsion pair
cogenerated by T . By [22, Theorem 1], (A,B) is of countable type,
hence B = (A<ℵ1)⊥.
Consider a free presentation of T :
0 → Ω(T )→ F → T → 0,
and let (A1,B1) be the cotorsion pair cogenerated by Ω(T ). By Lem-
ma 3.5, (A1,B1) is an (n−1)-tilting cotosion pair; so it is of ﬁnite type
by inductive hypothesis. In particular, B1 = (A<ℵ01 )⊥.
Let A ∈ A be a countably generated module. We can then apply
Lemma 3.6 to conclude that there is a countable direct system of the
form
C1
f1→ C2 f2→ C3 → . . .→ Cn fn→ Cn+1 → . . .
where Cn’s are ﬁnitely presented modules in A and A ∼= lim−→Cn. As in
[8], we consider the representation of the countable direct limit given
by the exact sequence:
(†) 0 →
⊕
n<ω
Cn
φ→
⊕
n<ω
Cn → lim−→Cn ∼= A → 0
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where, for every n < ω, φεn = εn − εn+1fn and εn : Cn → ⊕n<ωCn
denotes the canonical map.
By Proposition 4.1, (A,B) is of ﬁnite type if and only if B is closed
under pure submodules. Let Y be a pure submodule of a module
Z ∈ B. Since (A,B) is of countable type, Y is in B if and only if
ExtiR (A, Y ) = 0, for every A ∈ A<ℵ1 and i ≥ 1. Moreover, A<ℵ1
is clearly closed under countable syzygies, thus Y ∈ B if and only if
Ext1R (A, Y ) = 0, for every A ∈ A<ℵ1.
We continue now in a similar way as in the proof of [8, Theorem 2.5,
2.6]. We repeat the argument for the sake of completion.
Set Zn = Z for any n < ω. Since B is closed under direct sums,⊕
n<ω Zn ∈ B, hence Ext1R(A,
⊕
n<ω Zn) = 0. From the short exact
sequence (†), we see that for every homomorphism γ : ⊕n<ω Cn →⊕
n<ω Zn there exists ψ :
⊕
n<ω Cn →
⊕
n<ω Zn such that ψφ = γ. By
[8, Theorem 3.7] the inverse system of abelian groups
(HomR(Cn, Z),HomR(fn, Z))n<ω
is Mittag-Leﬄer. Since Y is a pure submodule of Z and the modules
Cn’s are ﬁnitely presented, [8, Theorem 4.3] yields that the inverse
system:
(HomR(Cn, Y ),HomR(fn, Y ))n<ω
is Mittag-Leﬄer, too.
Applying the functors HomR(Cn,−) to the pure exact sequence
0 → Y → Z → Z/Y → 0
we obtain an inverse system of pure exact sequences of the form
0 → HomR(Cn, Y ) → HomR(Cn, Z) → HomR(Cn, Z/Y ) → 0.
As (HomR(Cn, Y ),HomR(fn, Y ))n<ω is Mittag-Leﬄer, we can apply
[17, Proposition 13.2.2] to conclude that there is an exact sequence
0 → lim←−HomR(Cn, Y ) → lim←−HomR(Cn, Y ) → lim←−HomR(Cn, Z/Y ) → 0,
which in turn gives the exact sequence
0 → HomR(A, Y )→ HomR(A,Z)→ HomR(A,Z/Y )→ 0.
Therefore, we also have the exact sequence
0 → Ext1R(A, Y ) → Ext1R(A,Z) = 0
from which we deduce that Ext1R(A, Y ) = 0 as desired.

Remark 4.3. Let T be an n-tilting module and (A,B) be the induced
n-tilting cotorsion pair. Unlike in the case of countable type, we cannot
prove in general that T is A<ℵ0-filtered. Consider a projective module P
without finitely generated direct summands. Then R⊕P is a projective
generator, thus a tilting module, but it is not a direct sum of finitely
generated projective modules.
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But we can always find an equivalent tilting module T ′ (that is T⊥ =
(T ′)⊥) such that T ′ is A<ℵ0-filtered. Indeed, let 0 → R → T0 → X0 → 0
be a special B-preenvelope of R and 0 → Xi → Ti+1 → Xi+1 → 0 be a
special B-preenvelope of Xi for each i < ω. Then T ′ = (
⊕
i<n Ti)⊕Xn
is an n-tilting module equivalent to T , [1], and we can always construct
the special B-preenvelopes so that Xi’s are A<ℵ0-filtered for all i < ω,
[15].
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